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Inverse Median Hyperplane Location Problem in Two-
Dimensional Space
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Abstract: The line location problem, which represents a specific case within the broader class of
hyperplane location problems, has attracted considerable research focus location theory. This
investigation addresses locating lines from a location science perspective. Given n points situated
in the plane, each assigned a positive weight that reflects its relative importance, the median line
is defined as the line minimizing the total sum of these weighted distances. Our study is, to our
knowledge, the first to examine the inverse median line location problem in the plane under both
the Euclidean and rectilinear distance norms. Specifically, when a line L is fixed, the goal is to
determine the Minimum-cost modifications to the problem parameters—either the demand point
weights or their spatial coordinates—such that L becomes the globally optimal median line. We
proceed by developing and analyzing mathematical models that characterize this inverse problem
across the two norm settings. We demonstrate that the inverse model, when demand weights are
the variables, can be precisely formulated and solved via linear programming. Conversely, for the
instance involving necessary modifications to the coordinates, an effective greedy algorithm is
proposed for solution approximation. The practical application and performance of this developed
methodology are subsequently illustrated through a set of computational experiments.

Keywords: median line location, inverse location, continuous facility location,
rectilinear/Euclidean norms.

1. Introduction

Finding the optimal location of hyperplanes—with lines representing a specific instance—that
best fit a defined set of existing facilities has recently attracted significant interest across location
theory. These problems are relevant to a multitude of theoretical and practical fields where the ideal
placement of geometric entities relative to discrete data points profoundly affects key metrics like
efficiency, cost, and performance. This paper specifically focuses on developing novel methodologies
for line placement, framed within the principles of location theory. In this context, the line location
problem is modeled as an extension of the traditional facility location problem, where the facility to
be positioned is a straight line rather than a single point. Let #n points, representing the location of
existing facilities, be given in R?. Each existing facility has a positive weight that signifies its
importance. This weight indicates that interaction between the line and the existing facility is desired.
Consequently, the decision-maker seeks to position the line such that its proximity to the demand
points is maximized. The primary objective functions in line location involve either minimizing the
sum of weighted distances or minimizing the maximum weighted distance between the line and the
demand points, which define the median line and the center line, respectively. Fundamentally, the
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classical line location problem aims to either enhance accessibility or reduce transportation expenses
between the newly located line and the fixed demand points.

The classic line location problem carries substantial real-world applicability. Its primary function
is to realize gains in accessibility or achieve reductions in logistical expenditure across diverse
operational contexts. The scope of practical instances includes the optimal planning of utility
networks, such as pipelines for gas or water; the structural alignment of canals for drainage and
irrigation; the trajectory determination of belt conveyors in industrial environments; and the strategic
siting of major transport infrastructure, like rail links or highways connecting population centers,
where town demographics typically serve as the weighting factor [1]. Furthermore, these location
models have been effectively leveraged in the realm of transportation planning for tasks like setting
the most advantageous route for mass transit or railway lines to serve concentrated population groups
[1]. Additionally, the theoretical underpinnings are mirrored in machine learning, notably in the
Support Vector Machine (SVM) methodology, which operates by identifying a separating hyperplane
through the minimization of specific distance functions relative to the input data set (refer to [2], [3],
and [4]).

The paradigm of inverse optimization has solidified its position as an influential and growing
trajectory of research within the field of mathematical programming in recent decades. In contrast to
standard forward problems, inverse optimization endeavors to ascertain the minimum-effort
alterations necessary for the existing problem parameters to ensure a pre-specified, candidate solution
achieves optimality. Within the specific context of location theory, this often translates to modifying
attributes of the demand points—such as their associated importance weights or their physical
coordinates—so that a permanently situated facility (either a point or a line) satisfies the optimality
criteria of the objective function. Such parameter adjustments are commonly governed by two
modeling approaches: a cost-minimization framework or constraints imposed by a limited budget [5].
These approaches delineate two separate aims: achieving service provider (facility) optimization at
the lowest possible expenditure (inverse optimization), or upgrading service provision using restricted
fiscal resources (reverse optimization) [6].

Despite extensive examination of inverse models applied to conventional point-based facility
location problems, the reciprocal scenario involving line-based models—particularly under median
criteria—has received scant systematic attention. This deficiency is highly significant given the
inherent practical complications and substantial economic outlay associated with altering linear
infrastructure post-construction, such as rail systems, pipelines, or industrial transport conveyors. Due
to the fact that relocating or physically modifying these established systems is frequently either cost-
prohibitive or technically impractical, many real-world situations favor adjusting peripheral elements.
This involves altering adjacent or related parameters—for instance, the service priority or the
geographical arrangement of demand points—rather than moving the line itself. Illustrative cases
include network planning where adjusting the service intensity or coordinates of local stations can
optimize pipeline performance, or urban planning where repositioning residential centers near an
existing railway might lower community access costs. Similarly, in industrial production, machinery
positioning around a fixed conveyor can minimize material handling effort. These examples
collectively underscore the critical practical need and inherent theoretical merit of investigating
inverse line location problems.

This paper investigates the inverse median line location problem, focusing on determining the
minimum-cost adjustments to the problem's fundamental parameters, such as the demand point
weights and spatial coordinates, such that a designated, pre-specified line achieves optimality. To
capture this problem, two established distance metrics are utilized for model formulation: the
rectilinear and the Euclidean norms. Subsequently, based on the characteristics and models derived,
we employ linear optimization methods to address the resulting formulations.

The principal achievements of this research are enumerated below:
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1. Inverse Formulations: This study introduces the inverse mathematical formulations for the
median line location problem in a two-dimensional plane. We specifically model two distinct
scenarios: one involving the modification of point weights and the other involving the
modification of point coordinates, both designed to ensure the candidate line is established
as the median line.

2. Model Properties and Linearity: We establish several intrinsic properties of the problem
under both the Euclidean and rectilinear norms. Critically, we demonstrate that when the
weights of the demand vertices are the parameters subject to modification, the resulting
optimization model admits a linear programming structure.

3. Coordinate Modification Algorithm: For the inverse problem requiring adjustments to the
coordinates of the demand points, an efficient greedy algorithm is developed and proposed
for obtaining approximate solutions.

This paper proceeds with the following organization to progressively introduce and resolve the
studied problem: Section 2 first furnishes a necessary literature review, synthesizing previous
research on both inverse facility location models and classical line location problem. Section 3 then
establishes the foundational mathematical model for the forward line location problem. The core
theoretical contribution begins in Section 4, where we present the comprehensive model for the
inverse median facility location problem when demand point weights are variable. Subsequently,
Section 5 shifts focus to the scenario involving variable point coordinates, detailing the proposed
solution methodology and presenting corresponding numerical examples. Finally, Section 6 offers
the conclusion, summarizing the key findings of this study.

2. Literature Review

The foundational work on the classic line location model was established in 1975 by Wesolowsky
[7], who investigated the median case utilizing the L, norm and introduced the first exact algorithm
for its resolution. Subsequent research by Morris and Norback [8] explored a graphical representation
of the median line problem for smaller instances, offering exact solution algorithms and proving that
a median line necessarily intersects at least two demand points. They later extended this median
problem using the rectilinear norm and identified key problem properties [9]. They also introduced
the minimax model, defining the center facility line location problem. Lee and Wu [10] further
advanced this area by analyzing several location problems, including the center line problem, and
improved upon Morris and Norback's algorithm. They proved specific properties for the center line
location problems, in the cases that the same or different weights have been assigned to the given
points, presenting algorithms with complexities of O(nlogn) and 0(n?logn), respectively.
Megiddo and Tamir [11] considered the minisum criterion for » weighted demand points under both
rectilinear and Euclidean norms, yielding efficient time algorithms of O(nlog?n) and 0(n?log n),
respectively. Furthermore, Lee and Ching [12] provided an O(n?) time algorithm for the median
version under the Euclidean norm. Korneenko and Martini [13] studied the Euclidean median line
problem and demonstrated that the median line passes through a minimum of one demand point.
Schobel [14] provided a comprehensive study on both center and median line location problems for
all norms, establishing various general properties. She later extended this work to the case that the
line is forbidden from passing through certain planar regions [15], initially for the vertical distance,
and then generalized this restriction for arbitrary norms. Schdbel [16] also examined the problem
using block norms, demonstrating that it is solvable with an algorithm having an O(n) time
complexity. Extending the spatial dimension, Brimberg et al. [17] introduced the problem in three-
dimensional space (R*) using the /, norm, alongside specific variants of Euclidean and rectilinear
norms, proposing heuristic solution algorithms. A practical illustration of the line location problem
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arises in mining operations, where the objective is to minimize the annual transportation costs of
moving minerals by digging a main shaft and accessing deposits through tunnels, offering an
alternative to individual vertical boreholes to various underground sites. The location of obnoxious
lines—facilities to be kept as far as possible from demand points—has also been a significant focus.
Drezner and Wesolowski [18] first studied the undesirable path location problem, which is
maximizing the minimum weighted distance from the path to demand points. This concept was
extended to three dimensions by locating an undesirable plane that maximizes its distance from the
convex hull of demand points, solvable in 0(n3) time [19]. Diaz-Béfiez et al. [20] studied locating
an obnoxious line constrained to pass through the convex hull of given points, solving the weighted
maximin criterion model using arbitrary norms.

Research also branched into the case that the line is semi-obnoxious. Golpayegani et al. [21]
provided the first study on the minisum semi-obnoxious problem under L, norm, employing the
Particle Swarm Optimization (PSO) method and demonstrating its efficiency. They later addressed
the semi-obnoxious median line problem with the rectilinear norm, proving key properties and
comparing the performance of PSO against a Genetic Algorithm (GA) in [22] and [23]. Furthermore,
attention has been given to locating half lines and line segments. Lee and Wu [10] investigated the
center half line problem, deriving properties and presenting an O(nlogn) time algorithm. An
improved algorithm was later introduced for the center line segment location problem, solvable in
quadratic time [24]. Efrat and Sharir [25] further refined this center line segment algorithm with
considering the Euclidean norm, achieving an approximate time complexity of O(n'*€), where € >
0. Barcia et al. [26] examined the problem of locating obnoxious line segment with fixed-length under
the minimax criterion, proposing an 0(n log n) time algorithm. Recently, Golpayegani and Fathali
[27] investigated the convexity and sensitivity analysis of the median line location problem.

The concept of inverse location problems has been a longstanding focus within academic
literature. Berman et al. [28] conducted research into the efficacy of altering the structure of a
transportation network—specifically through the reduction or addition of links—to achieve the most
efficient improvement in the known placement of existing facilities. Cai et al. [29] demonstrated that
the polynomial-time solvability of a classical (forward) problem does not guarantee the same
complexity for its inverse counterpart. They illustrated this principle by considering the inverse center
facility location problem, proving that this problem is NP-hard even though its original formulation
can be solved in polynomial time. Furthermore, Zhang et al. [30] investigated the related reverse
location problem utilizing a minimax objective function within a network setting, successfully
proposing a polynomial-time algorithm for its resolution on tree graphs. Alizadeh et al. [31] examined
the inverse of the 1-center location problem focusing on edge length modifications, successfully
devising an algorithm with a time complexity of O(n log n) for its resolution. Building on this work,
Alizadeh and Burkard [32] studied the inverse 1-center location problems specifically on tree
networks. They proposed distinct combinatorial algorithms applicable to scenarios where the network
topology is allowed to change and where topology changes are strictly prohibited. The same authors
later addressed the inverse obnoxious center location problem on trees, considering modifications to
the edge lengths, and introduced a linear time algorithm with a complexity of O(n) for solving this
specific case. Subsequently, Jana et al. [33] analyzed the inverse 1-center location problem on a tree,
where the weights of edges were constrained to be bounded, providing an optimal algorithm with
0(n) time complexity. Furthermore, Nguyen [34] focused on a reverse 1-center problem on a tree,
presenting an 0(n?) algorithm for its solution. Research into both reverse and inverse location
problems remains an active field of study in recent years. For instance, Golpayegani et al. [35]
pioneered the inverse formulation for the semi-obnoxious case of the median line location problem,
analyzing the model under both L and L, norms. The undesirable (obnoxious) scenario of the inverse
center location problem on graphs has been investigated by Alizadeh and Etemad [36]. They focus
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on modifying vertex weights, and successfully provided exact algorithms for both reduction and
augmentation the length of edges. Keshtkar and Ghiyasvand [37] studied the inverse fastest center
location problem on trees, considering alterations to edge capacities. They presented O(n) time
complexity algorithms for its solution. Omidi et al. [38] contributed to multi-facility location by
studying the inverse and reverse vertex 2-center location problem, devising an O(n log n) algorithm
to tackle their model. Furthermore, Gholami and Fathali [39], [40] and [41] explored the inverse circle
location problem, focusing on changing the coordinates and weights of existing facilities subject to a
minimum total cost. Mohammadi et al. [42] addressed the inverse p-facility maxian location problem
on a network, where demand points were fixed at nodes and the goal was to minimize the cost of
changing both edge lengths and vertex weights such that a pre-specified facility placement attained
optimality for the p-facility maxian problem. The inverse single facility location problem with
variable edge length in the cases that the length of edges are bounded or not on a tree, have been
investigated by Omidi and Fathali [43]. They proposed algorithms with complexities of 0(n?) and
O(nlogn), respectively, for these scenarios. Fathali [44] studied the generalized inverse facility
location problem in the plane and introduced a row generation method as a means to solve the case
involving variable weights. Most recently, Golpayegani and Fathali [45] developed some greedy
algorithms for solving inverse center line location problem with variable weights and coordinates.

2.1. Research gap

The inverse case of the median line location problem has not been considered by any author. Based
on this gap in this paper we study this problem. The central objective is to identify the minimum-cost
adjustments to the problem's core parameters—specifically the importance weights or the spatial
coordinates of the demand points—necessary to ensure a designated, pre-specified line achieves
optimal facility placement. For the purpose of mathematical modeling and analysis, this inverse
problem is examined under two established distance metrics: the rectilinear and the Euclidean norms.

3. Median line location problems

Let M= {A,A,, ..., A, } be the set of given existing facilities (demand points). Moreover, assume
that A; = (a;;.a;;) and w;, for i = 1, ..., n, denote coordination and weight of each demand point,
respectively. A basic model of the line location problem is median line location that can be stated as
follows:

minF; (L) = Z w;d(4;,L), (1)
i=1

i=

where L = {(x,y)|y = b + sx, x € R} is the line facility, and d(4;,L) = min,e;d(A;,p), for
i =1, ...,n, is the distance between demand point 4; and the facility line L. The optimal solution of
model (1) is called median line.

The following important property holds for the median line location problem with Euclidean and
rectilinear norms.

Property 3.1 [14] The median line passes through at least two of the demand points.

Let W = (wq, ..., w,,). We define the following objective function, which is depended to M, W
and L.

n
F(L,M,W) = z Wld(Al,L)
i=1

In the following sections, we consider the inverse median line location problem with modifying
coordinates and weights of demand points using Euclidean and rectilinear norms.
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4. Inverse model with changing the weights of points

Let the line L* = {(x,y)|y=s*x+b*, s*,b*ER} be a given line in R?. Fori = 1, ..., n, let ¢; be the cost
of changing per unit of the weight w;. In the inverse median line location problem with modifying
weights, the aim is finding the values of increasing and decreasing of w; with minimum cost such L*
becomes the optimal solution of problem (1). To model this problem let ;* and r;~ be the variables of
increasing and decreasing of w;, respectively. Then we should determine these variables such that the
value of the objective function in model (1) respect to L* is less than what obtained with correspond to
any other line L in R2. So, the mathematical linear model of the inverse median line location problem
with variable weights of points can be written as follows:

n

Min Z c(rt+17) )
i=1
S.t.
F(I'MW) < F(LM,W) VL S R? A3)
W, =w;+r" —r, i=1,..,n 4)
i, = 0. i=1,.,n 5)

Note that, since in this case distances of the points and the lines are not changed, the presented model
holds for any norm.

Using Property 3.1, the following lemmas can be considered for the inverse median model.

Lemma 4.1 In the inverse median line location problem with variable weights, if the given line L*
passes through less than two demand points, the inverse problem with Euclidean and rectilinear norms
has no optimal solution.

Proof. Assume that L* does not pass through any demand point or at most one point lie on L*. Tt is
clear that in this situation modifying the weights of demand points to any arbitrary amount does not
change the position of the demand points with respect to the line L*. This means that any change is made
in the weights of demand points, the mentioned line will still pass through less than two points.

On the other hand, as stated in property 3.1, for the Euclidean and rectilinear norms, the median line
passes through at least two demand points. Therefore, if all lines passing through two demand points
are taken into account as the feasible space of the inverse median line facility models, considering any
value for the weight of the demand points there exist at least one line like L' passing through two demand
points which minimizes the median line objective function and F (L’, MW ) < F(L',M,W).
Therefore, considering L* passing through less than two demand points, the inverse median models with
modifying weight of demand points does not have optimal solution. o

Observation 4.2 The given specification along with property 3.1 shows that there is no need to
consider whole lines in the plane when we deal with constraint (3). Particularly, the mentioned
characteristics of the inverse models lead to the fact that models for the inverse problem with modifying
weights of demand points reduce to a linear programming model with O (n?) constraints, in which each
constraint corresponds to the line that passes through two demand points.

5. Inverse models with changing the coordinates of points

Again, suppose L* be the given line in the plane. The goal is changing the coordination of the given
points at minimum cost such that L* becomes the optimal solution of model (1). To model this aim, for
i=1,..,n,let k;; and k;, be the values of increasing and decreasing of the horizontal coordinate of
the given point A4;, respectively, and t;; and t;, be the values of increasing and decreasing of the vertical
coordinate of the given point A;, respectively. Moreover, suppose c; is the cost of changing the
coordinate of given point 4;. Then the inverse median line location problem can be modeled as follows:
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n
Min TC= Z C; (kil + kiZ +t + tiZ) (6)
i=1
S.t.
F(L,M,w) < F(LM,w) VL € R? (7)
ain = aip + ki — kip, i=1..,n )
Ajz = Az +tip — Liz, i=1,..,n )
ki1, kiz, tig, tiz = 0, i=1,.,n (10)

Observation 5.1 The inverse version of the median line location problem with modifying
coordinates is feasible for any given line in R?.

Proof. Note that in the case that the given line does not pass through any demand point, then
considering the definition of inverse model, the coordinates of the demand points can be changed with
minimum cost such that the candidate line passes through at least two demand points and its objective
function is the minimum with respect to the points with the new coordinates. O

If L2 norm is used, then the shortest distance between a line L = {(x,y)|y = b + sx, x € R} and
any point A; € M, can be obtained by the following formulation:
lai; — sa;; — bl

d(4;, L) = (11)
' V1+s?
In the case L, norm, the shortest distance between line L and the point 4; is calculated as follows:
d(Ai: L) = min{dwer(Ai' L): dhor (Aiv L)}: (12)

in which

dyer (A, L) = |sa;y — ajp + b, (13)
and

1
dpor(A;, L) = sl |sa; — ag + bl. (14)

Considering these distances and other L, norms, it is observed that the presented model for inverse
median line location problem with variable coordinates is a nonlinear programming with infinite
constraints. Thus, it is hard to solve. In the following section, we propose an efficient algorithm to solve
the mentioned problem.

5.1. The algorithm

Let L*:y = s*x + b* be the given line, then to make it an optimal solution to the median line

location problem, we should change the coordinates of the given points such that
F(L M, w) < F(LM,w), for each line L passing through pair of current points.  (15)

The idea of the algorithm is to transfer the points to the line L* one by one such that (15) is met.
Thus, in each iteration, the point with maximum reduction on F (L*,M , W) should be considered for
transferring. On the other hand, minimizing the cost of transferred points should be also considered.

Let the point 4; = (a;1, a;;) be transferred to the line L*: y = s*x + b*. Then, F(L*,M, W) will
be reduced by A; = w;d(L*, 4).

In the case that distances are measured by Euclidean norm, the new coordinate of A; can be found
using the following lemma.

Lemma 5.2 In the Euclidean norm the projection of the point A; = (a;1, a;;) on the line L:y =
sx + b is calculated as follows:
saj, +a;; —sb

52+1 , diZ =Sdi1+b.

aj; =
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Proof. To find the projection of A; on L, we need to find the intersection of L and the line L'
which passes through A; perpendicular to L. The line L' is y = —%(x —a;;) + aj,. Thus, the
coordinate of intersection of L and L' is obtained by the following:

_sapta;y —sb
B s2+1
The cost of transferring A4; to L* is
TC; = ci(lay — @nl + lag — @;l.
Therefore, to accomplish both aims of minimizing the transfer costs and maximizing the

, y=sday+b 0O

. D . o .. TC; | .
reduction of the objective function, we transfer the point with the minimum value of r; = A—L during
i

each iteration.
These ideas lead us to the following algorithm.

Algorithm 1.
L*:y = s*x + b*, the given line, A; = (a;1,a;2) the coordinates of the given

Input:  points, w; the weights of given points, and c; the cost of modifying coordinates, for
i=1,..,n.
Output: The modified coordinates of demand points and T'C, the total cost of changing

coordinates of given points.
1. Set TC=0.

Calculate F (LM, W).

For each line L passing through pairs of points A;, calculate F(L, M, W) and
3. find

fmn = minF (L, M,W).

4. If F(L*,M,W) < f,,, then stop, L"is the optimal line.
5. For i=1,...,n do

Calculate A;, the value of reduction F(L*, M, W) by transferring A; to L*,
51 as

o follows:
A; = wid(L", Ap)

Find the coordinate of projection of point A;on L* as follows:

5.2. ~ s"ap +ap —b'st Ee 4 b
ajp = G2 +1 , Qg =Sa; +

Calculate TC;, the cost of transferring A; to L*, as follows:

5.3. ~ ~
TC; = ¢i(layy — dul + laz — apl)
54. End for
6. Set 1; = TA—Cii, for j € {1,...,n}, such that r; <1, for any k > j. (i.e. for i =
1, ...,n, sort 1; in ascending order.)

7. Setj = 1.
8. While F(L*,M,W) > f,, do
8.1. Set F(L",M,W) = F(L",M,W) — A;.
8.2. Set TC =TC + TC;.
8.3. Update the modified demand point j as 4; = (djl, djz).

For each line Lj; passing through A; and any other point 4; calculate
8.4. f] _ i={,n___i,11,1i¢j F (Lierr W)
8.5. Set f,, = min (f, f})
8.6. Setj=j+ 1.
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8.7. End while
End

Considering step 8 of Algorithm 1, the following property is concluded.

Lemma 5.3 Algorithm 1 transfer the points such that for any line L passing through two points

respect to new coordinates, we have
F(L'M,W) < F(LM,W).

To calculate the time complexity of Algorithm 1, note that the number lines passe through two
existing points is 0(n?). In Step 3, for each of these lines F(L,M, W) should be compute which
needs O(n) time. Thus Step 3, needs 0(n3) time. Step 5 needs O(n) time and the values of 7; for
i =1,...,n, can be computed in O(nlogn) time in Step 6. Step 8 terminated at most in N iterations
(i.e. when all the points lie on the line L*). In Step 8.4 the value of F(L,M, W) should be calculated
for N lines. Thus, this step needs O(n?) time. Therefore, Step 8 needs 0(n3) time. So, the time
complexity of Algorithm 1 is 0(n?).

In the case L, norm, if [s*| < 1, then the distance of any point A; = (a;q, a;2) to the line L* is
obtained by the vertical distance d,,,(A4;, L") and the projection of A; and L* is obtained as the
following.

A; = (a;1,5*a;; +b"). (16)

If |s*| > 1, then the distance of A; = (a;1, a;2) and line L* is obtained by the horizontal distance
dnor(4;, L") and the projection of E; and L* is obtained by

~ 1
A= (% (@n - b).an) (17)

Thus, for the rectilinear norm, the Step 5.2 of Algorithm 1 should be replaced by (16) or (17),
corresponds to the value of s*.

5.2. Computational results

We test our proposed algorithm for the inverse line median problem on several benchmark and
random instances. The implementation in MATLAB R2014b was run on a PC with an AMD Ryzen
5 processor (2.10 GHz) and 8 GB of RAM. The test set includes three standard benchmarks from
Beasley [44] (Ruspini, Bongartz, TSPLIB) and ten randomly generated instances. All weights and
costs were randomly assigned, with their specific ranges detailed in Table 1.

Table 1. The range of the coordinates, weights and changing costs of the existing points.
test n Range of points Interval of weights | Interval of costs

Ruspini | 75 | (4,4) to (117,156) [1,10] [1,10]
Bongarts | 287 | (5, 5) to (48, 48) [1,10] [1,10]
TSPLIB | 654 | (1000, 1000) to (5000, 5000) [1,10] [1,10]
Test] | 100 | (0,0)to (10,10) [1,10] [1,10]
Test2 | 200 | (0,0) to (50,50) [1,50] [1,50]
Test3 | 300 | (0,0)to (50,50) [1,50] [1,50]
Test4 | 400 | (0,0)to (50,50) [1,50] [1,50]
Test5 | 500 | (0.,0)to (50,50) [1,50] [1,50]
Test6 | 600 | (0,0) to (150,150) [1,150] [1,150]
Test7 | 700 | (0,0) to (150,150) [1,150] [1,150]
Test8 | 800 | (0,0) to (25,25) [1,25] [1,25]
Test9 | 900 | (0,0) to (100,100) [1,100] [1,100]
Test 10 | 1000 | (0,0) to (100,100) [1,100] [1,100]
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Table 2 contains the best lines correspond to the given initial coordinates. In this table, the pair
(s, b) in the column with heading Ly, indicates the slop and intercept of the line passing through
two existing points in which its objective function of the line median problem is minimum.

The results of running Algorithm 1 on test problems with Euclidean and rectilinear norms are
reported in tables 3 to 6. In these tables, the column with heading “iter.” indicates the number of
termination iteration. It also shows the number of transferring points to the line L*. The results are
reported for varying given lines.

Comparing the values of F(Lpes,, M, W) in Table 2 with F(L*,M, W) values in tables 3 to 6,
indicate that the new obtained values of the objective line medians are less than the initial ones.
Thus, since by Lemma 3 the obtained solution is a local minimum with respect to the new
coordinates, by spending some cost to change the coordinates, the decision-maker can reduce the
total transportation cost for all clients. Note that changing the coordinates may be done once in a
period of time, but clients use the facility continuously during this period. Therefore, the
transportation cost for clients is more important than the cost of changing the coordinates of the
points.

Table 2. The best lines correspond to the initial given points for L, and L, norms.

Test n L, norm L; norm
(S/ b) F(Lbest:M' W) (S' b) F(Lbest:Mi W)
Lpest: Yy =sx+b Lpest: Yy =5Sx+Db

Ruspini 75 (0.1250,22.0000) 9884.7994 (1.0000,36.0000) 20407.0000

Bongarts | 287 (-1.2727,60.5455) 7889.3003 (-1.0000,54.0000) 11201.0000
TSPLIB 654 | (-0.3683,4887.9761) | 3866036.9156 | (-0.8857,6965.7142) | 7850577.5806

Test 1 100 (1.3333,-2.0000) 1085.2000 (1.0000,0.0000) 1564.0000

Test 2 200 (0.7907,5.4651) 59738.5010 (1.0000,0.0000) 85242.0000
Test 3 300 (-0.8947,49.0526) 86321.9289 (1.0000,0.0000) 122233.0000
Test 4 400 (-0.9091,49.0909) 115277.0129 (-1.0000,52.0000) 163185.0000
Test 5 500 (0.9474,-0.4211) 145510.9111 (1.0000,-2.0000) 205912.0000
Test 6 600 (0.9286,8.4286) 1576548.1963 (1.0000,3.0000) 2233366.0000
Test 7 700 (0.8507,13.9403) 1828418.1876 (1.0000,3.0000) 2591683.0000

Test 8 800 (0.9583,0.0417) 57834.4740 (1.0000,0.0000) 81796.0000
Test 9 900 (1.0000,1.0000) 961904.2245 (1.0000,1.0000) 1360338.0000
Test 10 1000 (-1.0£22,100.YVYV) 1151912.9566 (-1.0000,103.0000) 1629717.0000

Table 3. The results of Algorithm 1 for Beasley [46] instances with Euclidean norm.

Test n (s*,b") F(L M, W) Iter Total cost F(L,M,w) CPU
Ly e (TC) (Respect to new | time
e coordinates) (in
sec.)
Ruspini 75 (0.5,0.5) 27607.3896 39 13560.0000 9722.8707 0.0529
(0.5,10) 25432.1427 38 11459.4000 9563.6627 0.0453
(1,20) 15056.4246 20 2358.0000 9460.3816 0.0484
(-1,20) 39683.5396 47 2839.0000 9051.6739 0.0500
(10,0) 19963.7296 31 5285.3366 9373.3498 0.0421
Bongarts | 287 (0.5,0.5) 29793.3697 163 16228.8000 7859.3317 1.8682
(-5,10) 42420.1161 190 26599.1538 7719.3271 1.9746
(-1,50) 9029.0464 45 550.0000 7111.3728 1.7826
(10,20) 33935.6438 177 17695.6237 7726.6627 2.1264
(1,10) 9921.4152 43 7696.8573 616.0000 1.61764
TSPLIB 654 (0.5,0.5) 7164521.6787 255 2058978.0000 3649113.1227 85.3954
(-.5,4000) 5870835.6061 213 1274233.5000 3347819.7332 84.7211
(10,5000) 12758076.0532 344 5426641.7079 3858893.0313 87.5803
(-1,4500) 7673066.7055 241 2257265.0000 3854972.9298 85.2048
(5,1000) 10188858.8308 292 3711194.9990 3859918.5485 85.3886
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Table 4. The results of Algorithm 1 for randomly generated instances with Euclidean norm.

Test# n (s*,b") F(L' M, W) Iter Total cost F(L",M,W) CPU time
Lry=sx+b (TC) (Respecttonew | (insec)
coordinates)
Test 1 100 (1,1) 1129.9566 3 11.0000 1057.1246 0.1051
(3,4) 2412.1853 37 747.1999 1058.0981 0.1138
(-1,10) 1329.3607 18 114.0000 1016.8195 0.1054
(-3,10) 2028.2848 33 497.9999 1021.0994 0.1219
Test 2 200 (1,1 60362.1703 6 134.0000 57973.5636 0.5034
(2,5) 83556.4937 54 10950.0000 54510.8651 0.5906
(-5,50) 107219.4367 74 22896.2307 56892.7024 0.6276
(-2,40) 94388.4542 60 16834.8000 56681.1927 0.5812
Test 3 300 (1L,1) 90612.1984 16 933.0000 83171.3138 1.9359
(3,10) 155501.2092 101 28664.3999 85934.5791 2.1947
(-2,40) 139716.6826 99 26367.0000 79690.3322 2.1915
(-5,60) 147960.6026 96 22475.3076 86085.3736 2.2855
Test 4 400 (1L,1) 118854.7504 19 814.0000 111179.1063 5.4273
(3,10) 207407.1509 131 36680.7999 114812.1825 59171
(-3,60) 164040.9400 103 17811.6000 106810.0389 5.8077
(-6,90) 171403.3705 107 18333.5675 109265.4853 6.0949
Test 5 500 (1L, 147055.5830 27 1439.0000 136349.2792 14.9821
(3,10) 261173.1444 170 50240.3999 144339.0015 14.6882
(-2,5) 407653.5280 246 176094.6000 143920.0432 15.2334
(-5,50) 265600.0818 176 48280.6153 145353.2386 14.4278
Test 6 600 (1,1) 1580158.7959 17 2357.0000 1506448.5709 54.3061
(3,10) 2444925.4084 174 307316.0000 1515374.5227 55.3257
(-2,100) 2669398.2741 193 455804.4000 1519135.8376 50.8643
(-5,150) 2708768.0216 191 400774.6153 1541206.3003 50.2928
Test 7 700 (1,1) 1833688.3968 21 3191.0000 1742788.4059 125.7363
(2,100) 4065268.1812 281 1136751.0000 1827768.2257 129.6197
(-1,80) 2925090.0359 208 450838.0000 1762637.6003 129.0926
(-4,180) 2789884.8694 179 285006.1764 1798264.6270 126.0501
Test 8 800 (1,1) 58419.7480 4 37.0000 57826.4854 234.7745
(2,-10) 60605.9392 70 1348.8000 52858.4109 232.1157
(-2,10) 131326.5083 328 43114.2000 57599.7694 240.9410
(-4,60) 64075.2442 61 975.2941 57370.8319 238.0559
Test9 900 (2,2) 1255604.0461 193 106929.0000 886716.7813 408.6990
(3,-100) 1036114.5832 103 23031.20000 878741.9381 407.5148
(-2,100) 1296032.1551 168 86723.3999 953252.3257 414.4726
(-4, 80) 1799997.5440 318 356416.7647 953163.7937 422.7831
Test 10 1000 (1,1) 1220889.8612 43 5633.0000 1150692.5426 619.1822
(2,-10) YVEVAYIA, VEE YA« V14 ££,6000 1059169.4992 613.7813
(-2,40) 2530892.6459 415 848841.6000 1145946.3780 649.8552
(-4,80) 2155745.8884 355 481536.1764 1139476.2653 647.1981



http://iors.ir/journal/article-1-880-fa.html

[ Downloaded from iors.ir on 2026-06-08 ]

Inverse Median Hyperplane Location Problem

Table 5. The results of Algorithm 1 for Beasley [46] instances with rectilinear norm.

113

Test n (s*,b") F(L M, W) Iter Total cost F(LM,W) CPU time
Ly (TA) (Respect to new | (insec)
=sx+b coordinates)

Ruspini 75 (0.5,0.5) 61732.0000 48 15884.5000 13532.0000 0.0372
(0.5,10) 56868.0000 49 15569.5000 10659.0000 0.0378

(1,20) 21293.0000 2 154.0000 19976.0000 0.0268

(-1,20) 56121.0000 39 20149.0000 20286.0000 0.0348

(10,0) 200633.0000 58 14309.6000 14643.0000 0.0391

Bongarts | 287 (0.5,0.5) 66620.0000 193 17823.0000 10811.0000 2.8759
(-5,10) 216301.0000 243 33215.5990 11065.0000 2.7088

(-1,50) 17269.0000 28 254.0000 11108.0000 1.9840

(10,20) 341049.0000 259 28884.2990 9268.0000 2.5937

(-10,30) 364751.0000 259 30852.7000 9762.0000 2.3351

TSPLIB 654 (0.5,0.5) 16020357.5000 348 2888596.7500 5655212.0000 81.5013
(-.5,4000) 60600585.0000 533 8770755.0000 3922230.0000 83.2251

(10,5000) 128217077.5000 | 581 10431639.0000 | 4019657.5000 84.8196
(-1,4500) 10851355.0000 133 834585.0000 7804435.0000 80.8064

(5,1000) 51953190.0000 524 7202316.0000 3939615.0000 82.8275

Table 6. The results of Algorithm 1 for randomly ge

nerated instances with rectilinear norm.

Test n (s*,b%) F(L*M, W) Iter Total cost F(LM,W) CPU time
Ly (TC) (Respect tonew | (insec)
=s"x+b" coordinates)

Test 1 100 (1,1) 1598.0000 1 4.0000 1558.0000 0.0601
(34) 7628.0000 67 1514.6666 1210.0000 0.0939
(-1,10) 1880.0000 13 69.0000 1547.0000 0.0704
(-3,10) 6414.0000 66 1270.6666 1053.0000 0.0917
Test 2 200 (1,1) 85307.000 1 27.0000 84092.0000 0.4446
(2,5) 186838.0000 100 35129.5000 61410.0000 0.5811
(-5,50) 546714.0000 140 72104.8000 59379.0000 0.6408
(-2,40) 211059.0000 108 47953.0000 55731.0000 0.5950
Test 3 300 (1,1) 128145.0000 10 418.0000 121062.0000 1.8727
(3,10) 491738.0000 187 85320.0000 87617.0000 2.3506
(-2,40) 312416.0000 167 68128.0000 78287.0000 2.2729
(-5,60) 754454.0000 207 91275.2000 90871.0000 2.3908
Test 4 400 (1,1) 168086.0000 11 318.0000 161620.0000 5.4832
(3,10) 655879.0000 249 112512.3333 118262.0000 6.2804
(-3,60) 518743.0000 241 81428.0000 109247.0000 6.2998
(-6,90) 1042606.0000 281 106104.8333 117928.0000 6.4222
Test 5 500 (1,1) 207968.0000 5 79.0000 205479.0000 13.0368
(3,10) 825902.0000 316 145445.3333 146546.0000 15.2783
(-2,5) 911541.0000 340 2597773.5000 134785.0000 15.3447
(-5,50) 1354300.0000 358 169352.8000 148438.0000 15.9268
Test 6 600 (1,1) 2234682.0000 1 36.0000 2229318.0000 46.6109
(3,10) 7731533.0000 386 1246786.6666 1406379.0000 51.4448
(-2,100) 5968956.0000 349 1206383.5000 1477796.0000 49.4403
(-5,150) 13812061.0000 | 428 1638800.4000 1553338.0000 51.4012
Test 7 700 (1,1) 2593227.0000 1 36.0000 2587863.0000 123.7259
(2,100) 9090216.0000 451 2236253.0000 1590247.0000 130.5354
(-1,80) 4136702.0000 196 396427.0000 2590897.0000 127.6060
(-4,180) 11502990.0000 468 1522739.7500 1744686.0000 132.4554
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Test 8 800 (1,1) 82618.0000 4 37.0000 81779.0000 231.2939
(2,-10) 135519.0000 342 19534.5000 51678.0000 246.2092
(-2,10) 293655.0000 489 72232.5000 56725.0000 246.3501
(-4,60) 264189.0000 461 30344.2500 56858.0000 245.7794
Test9 900 (2,2) 2807616.0000 454 486468.0000 928289.0000 415.1788
(3,-100) 3276482.0000 509 468106.3333 877335.0000 409.0081
(-2,100) 2898016.0000 461 497564.0000 957975.0000 408.2063
(-4, 80) 7421580.0000 623 1083496.7500 1003237.0000 412.4093
Test10 | 1000 (1,1) 176599.0000 43 5633.0000 1627325.0000 633.9228
(2,-10) 3173468.0000 503 594102.5000 992648.0000 637.9739
(-2,40) 5659248.0000 630 1525060.0000 1073947.0000 626.8892
(-4,80) 8888368.0000 678 1388494.5000 1159789.0000 633.6660

In Figure 1, the diagram depicts the changes in the value of the median line objective function
and total cost for the Bongartz instance in the Euclidean norm case. The specific parameters used
for this illustration are s*=10 and b*=20. The graph visually represents how these values fluctuate
over a given range or period, providing insight into the relationship between the median line
objective function and total cost in this particular scenario.

The results indicate that the proposed method efficiently solve the inverse median line location
problem with contrast to solving nonlinear programming model with infinite constraints.

. 10% (a) JAas (b)
4 210 o 210
3 1.5
= 2 O 4
o [
1 05
0 0
0 50 100 150 200 0 50 100 150 200
lterations lterations

Figure 1. Diagrams for Bongartz instance with s* = 10,b* = 20 and Euclidean norm. (a)
Changes of F (L*,]VI , W) over iterations. (b) Total cost changes over iterations.

5.2.1 Sensitivity analysis

We investigate the sensitivity of the runtime of the algorithm as well as the termination iteration
to the choice of L* by evaluating some different lines for each instance. As shown in Tables 36,
selecting L* close to Lpes; (see Table 2) decreases the number of iterations and the runtime, although
it influences the coordinate-change cost. In contrast, the final objective function value, F (L*,M , W),
is largely unaffected by this selection.

For example, consider Figures 2 and 3 which depict the lines L*and Ly, and the location of
points in initial form and after modifying for the Bongartz instance with L, norm, for the cases
(s*,b*) = (1,10) and (s*, b*) = (10,20), respectively. In the first case, line L* passes through the
middle of existing points, indicating that there is no need to transfer many points. As a result, the
algorithm terminated after a few iterations (as shown in Table 3, with a total of 43 terminated
iterations). In the case where (s*, b*) = (10,20), line L* lies outside of the existing points. In order
to make L* a median line in this case, many points should be transferred. Table 3 indicates that in
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this scenario, the algorithm terminated after 177 iterations, meaning that 177 out of 287 points
needed to be transferred. Thus, after transferring more than half of the points are located on line L*.

>

50

(a)
60
50 ' . »
s N o )
R
R 11111 P )
sof * Ll
i _
~* “va éii*fggl -.. " g
20 o} : R . +
”~
10 - .
—
0
0 10 20 30 40
X

60

(b)

50
40
> 30 .

20

1047

10 20

30

X

40

50

Figure 2. The coordinates of points, best line Lj,s and given line L* for Bongartz instance with
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10 and Euclidean norm. (a) The initial coordinates. (b) The modified coordinates.
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Figure 3. The coordinates of points, best line Ljs; and given line L* for Bongartz instance with
s* =10,b" = 20 and Euclidean norm. (a) The initial coordinates. (b) The modified coordinates.

6. Conclusion

The line location problem, recognized as a specialized instance of the broader class of hyperplane
location problems, continues to be a central topic of interest across location theory. This research
concentrated on introducing novel methodologies for identifying optimal lines from the standpoint
of location theory. Within the classical line location paradigm, a set of planar demand points, each
assigned a non-negative weight indicative of its relative importance, is a fixed input. Given that
decisions concerning line facility placement typically carry substantial long-term ramifications, the
physical relocation of these lines often proves prohibitively expensive or practically infeasible.
Consequently, in numerous practical settings, the pragmatic necessity arises to adjust associated
problem parameters in order to optimize a pre-existing, fixed line relative to the surrounding demand
points. Modifying these parameters is generally a more cost-effective and viable strategy than
physically altering the already installed line infrastructure.


http://iors.ir/journal/article-1-880-fa.html

[ Downloaded from iors.ir on 2026-06-08 ]

116 M. Golpayegani and J. Fathali

In the present study, we addressed the inverse median line location problem by analyzing two
distinct scenarios: modifying the importance weights of the demand points and adjusting their spatial
coordinates. The models were developed using both the rectilinear and Euclidean norms. The
proposed formulations are designed to ascertain the desired weights or coordinates that minimize the
total modification cost while ensuring the specified line achieves the status of the optimal median
line facility. Although the initial mathematical constructions involved an ostensibly infinite number
of constraints, we successfully exploited specific problem properties and structural features to
reformulate the variable-weight case as a finite-dimensional linear optimization problem. For the
more complex scenario of coordinate modification, we devised a dedicated algorithm structured to
effectively manage the inherent computational complexities. The validity of the proposed solution
methods was substantiated through several illustrative numerical examples.

The results obtained definitively confirm that the developed algorithm constitutes an effective
and practical tool for solving inverse median line location problems, thereby enriching the
methodological resources available to decision-makers managing fixed-line infrastructures. This
research offers both theoretical and practical contributions by establishing new inverse optimization
frameworks and corresponding solution strategies applicable to real-world facility location
challenges.

Future scholarly endeavors could logically pursue the extension of these models to higher
dimensions, regions with block norms (see e.g. [47]), the incorporation of uncertainty into the
parameter modifications, goal Weber facility location model (see e.g. [48]), balancing location
model (see e.g. [49]) or the investigation of inverse formulations pertaining to other geometric
location problem classes.
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