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Abstract

Extended Oligopoly modes will be introduced and examined in which the
firms might face cgpacity limits, thresholds for minima and maxima moves,
and antitrugt thresholds in the case of partid cooperaion. Smilar Stuation
occurs when there is an additiond cost of output adjustment, which is
discontinuous a zero due to set-up costs. In these cases the payoff functions
of the firms are nondifferentiable and in some cases even discontinuous.
Under the usua concavity assumptions Cournot oligopolies have monotonic
response functions and unique Cournot-Nash equilibrium. However the
introduction of these more redigtic additions into the oligopoly models creates
a fundamentdly new stuation: the existence of no equilibrium or the presence
of multiple, in some cases even infinitely many, equilibria. 1t dso resultsin a
very different asymptotic behavior of the dynamic extensons. The paper gives
a brief survey of the relevant modds, derives the response functions of the
firms, and examines the existence and the number of equilibria. 1n the case of
infinitely many equilibria the equilibrium-set will be adso determined and
characterized.

1 Introduction

Snce the pioneering work of Cournot [3] oligopoly theory became one of the most
frequently discussed topics in the literature of mathematica economics. Many different
vaiants of oligopolies are known including single-product models without and with
product differentiation, multi-product oligopolies, labor managed and rent-seeking games
to mention only afew. A comprehensve summary of the different model types and some
goplications are given in Okuguchi and Szidarovszky [8]. In examining the static and
dynamic versions of these models the authors make severa smplifying assumptions and
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ignore certain important facts in order to make the mathematica development relatively
smple.

In this paper we will introduce thresholds for output changes, capacity limits, antitrust
thresholds and production adjustment costs into oligopolies. For our discussion we select
the most smple oligopoly modd in which the inverse demand function and al cost
functions are linear. Even in this specid case the existence and uniqueness of the
equilibrium can be logt, there are cases without equilibrium and dso cases with multiple,
sometimes infinitely many equilibria.

The paper is organized as follows. Section 2 introduces the classcd Cournot model
with nonnegativity constraints and cgpacity limits. Output change thresholds are added to
the modd in Sections 3 and 4. Antitrust thresholds are introduced in Section 5, and the
effect of output adjustment cost is examined in Section 6. The last section concludes the

paper.

2. TheClassical Cournot Model
Condgder an industry with n firms that produce a single product or offers the same

service to a homogeneous market. Let X, be the output of firm k, s= ZXk the totd
k=1

output of theindustry, p(s) theunit priceand ¢, (x,) thecost of firm k. Then the profit
of thisfirm can be given as the difference of its revenue and cost:

e = % P(S) = 6 (%) = X P(X, +5) =G (%), D
where s, = Z X, is the output of the rest of the industry.

Ik

For the sake of simplicity assume that

p(s) = A-Bs and C,(X) = GX +dq 2

with positive values of A,B,c, and d, . In this specid case the profit of firm k has the
special form

7 = X (A= Bx — B )~ (GX + ). ©)

With given vaues of s, the best response of firm k is the output level that maximizes its
profit. Thefirst order conditionsimply that

Oy _ p—2Bx, ~Bs,—c, =0
0
__S5 , A-G n
R(s) =+ 2. @

The usua dynamic process is adaptive adjustment:

X (t+2) =X (1) + K (R Q% (0) =% (1)), A<k<n) ()

1k

where K, >0 isthe speed of adjustment of firm k.
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Negative x, vaue has no economic meaning. Some authors solve this problem by

determining the confinement set C, which isasubset of the feasible output space with the
following property. If the initid output is sdected fromC, then in the corresponding
dynamic mode the output will remain nonnegative for dl future times. Then they smply
ignore dl trgectories with initid outputs sdected outsdeC. A better goproach is to
require the nonnegativity of the output as a constraint in maximizing the profit. In this
case (see Figure 1),

0 ifA-Bs —-¢c <0

= —_ 6
R(s) —i+—A %  otherwise ©
2 2B

& T

Ryig)=10

R (5, ) =vertex

Figure 1 Shape of the profit function of firm k

If firm k has acapacity limit L, , then the best response of firm k can be obtained by
maximizing its profit subject to the constraint 0< x, <L, :

0 if A-Bs,—¢ <0
R.(s) =1L if A-2BL, ~Bs ¢, >0 @
S, A-G

X4
2

otherwise.
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Figure 2. Best response function of firm k

Noticethat R (s,) iscontinuous but not differentiable. If equilibrium isa bresk-point,

Jacobian does not exist, so stability andysis becomes very difficult. It can be shown tha
there is dways a unique equilibrium in the linear-linear case, so adding the nonnegativity
congtrait and capacity limits does not change the number of equilibria Bischi & d. [1]
presents a large collection of linear and nonlinear examples and the main theoretical results.

3. Oligopolieswith Thresholdsfor Minimal Move

Assume next that firm k has a positive threshold ¢, such that if a any time period it
has to make an output change below ¢, , then the firm does not make that change, kegps
the current output. This constraint can be mathematically described as

X (1) If K [R(% () =% (1)

X (t+1) =
X (1) + K (R, O % (1)) — %, (1)) otherwise.

1k

<&

(8)

With this threshold we lose the continuity of the system. Figure 3 shows the right hand
sidewithK, =1.
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4 x (i+1)

(2] : \

LAENES) sy {E)

Figure 3. Dynamic rule (8)

Clearly avector (x,K ,X)) is a steady state (or equilibrium) of the system if and
only if for al k,

& NV
_K_<Rk(zx1) Xk<K ' 9

k 1k k

which system of inequdlities usualy has infinitely many solutions. Figure 4 shows the
equilibrium-set in the duopoly case, which is characterized by the following system of linear
inequalities:

O<x<L, O<y<lL,

R(Y)— < X<R(y)+- - (10

1

&, &
I"\’z(><)—K—< y<Ry(X)+ m

2 2
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Figure 4. Illustration of the equilibrium set

Notice that the equilibrium of the game without the threshold remains equilibrium, so
the existence of the equilibrium is guaranteed.

4. Oligopolieswith Thresholdsfor Maximal Move
Assume next tha the firms cannot make large output change, and each firm has a

postive threshold A, such tha output change above A, cannot be made. In this case
system (8) is modified as follows:

X (t+D =

A

X ()= A, ifRK(Zx(t))—xk(tk—Kk
XO+A, IFREXM)-%0 > (11)

X (1) + K, (R % (1) - % (t)) otherwise.

1k

With this threshold we lose the differentiability of the syssem. Figure 5 shows the
right hand sdewith K, =1. Thiskind of threshold does not change the steady stéte, so it

existsand is unique.
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Figure5. Dynamic Rule (11)

5. Antitrust Threshold
In this section we assume that the firms partially cooperate in order to increase profit. If

7, istheprofit of firm | (1<I <n) , then we assume that the payoff function of firm k is
the following:

@k:”k"‘Z?’mm ) (12)

12k
where y,, isthe cooperation level of firm k toward its competitor | . In the linear-linear

case
9 = % (A-Bs, —Bx)—(CX + )+ D 74 (% (A—Bs,—Bx) — (g% +d,)).

[E3
If we make the simplifying assumption that y,, = », foral |, that is, each firm hasthe
same cooperation level toward its competitors, then

¢ = % (A-Bs, —Bx)—(cX +0d,)+ 7S (A-Bs —Bx) -7 D (cx +d), (13

I#k

By smple differentiation

0
£= A-2Bx, — B(L+7,)S, ~ G,

30 the best response of firm k isthe following:

0 if A-B(1+y,)s.—¢ <0
Re(s) =1L, if A—2BL, -B(1+7,)s,—¢ >0 (14)

_(1+7k)s1< + A-c
2 2B

otherwise,

which is shown in Figure 6.
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Figure 6. Best response of firm k with partial cooperation

L J

Clearly, ﬁ(s() <R (s,) for dl s, and k, that is, the best response of the firms

decrease by introducing partial cooperation. It is easy to see that in case of », <1 for all

k, there is a unique equilibrium, and the equilibrium industry output decreases with
increasing cooperation levels. Consider next the special case of y, =1 and ¢, =c. In this
case each firm maximizes the common payoff function

0= (% (A-BS)~ (% +d,))
k=t ) (15)
= s(A-Bs)-cs- > d,

k=1

where s= Z X, istheindustry output. Thisisaconcave parabolain s whichis maximal
k=1

if

0 if A-c<0

s =)L ifA-2BY L, -¢c=0
k=1 k=1

A-c otherwise.
2B
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The equilibrium is unique, X =K =X =0, in the firs case. Otherwise there are
infinitely many equilibria forming the set

X’ :{(XI,K X)10<x <L, forall kY X, :s*}.
k=1

Condgder next the following dynamic process. If & any time period t, the industry

output is a least S, where S is a given threshold, then the firms continue their partid
cooperaion. Otherwise they stop cooperating, and for the next time period each firm

adjusts its output towerd its noncooperéative best response. If R (s,) and R« (s,) denote

the noncooperative and partidly cooperaive best responses, then this dynamic rule can be
formulated as

n

X (1) + K, (RO % (1) = % (1) if Y. x(t)<S
Xk(t +1) — 1k 1=1 (16)

% (1) + K (RO % () - %, (1)) otherwise,

1k

Figure 7 shows the right hand side withK, =1.

T x4+

Ry (8]

Y

Figure 7. Dynamic rule (16)

Let (x,K,X) denote the noncooperative equilibrium and (x ,K ,X) the
partially cooperative equilibrium, which is unique if y, <1 for dl k. From the dynamic
equation (16) we conclude that (x;,K ,x) is a steady state (or equilibrium) if and only if
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> % <S,and (X' ,K ,X;) isasteady state (or equilibrium) if and onlyif > x" >S. All
k=1 k=1
steady states can be obtained in thisway. Therefore we have the following cases:

0 1f Y% < S, then (X K , X)) isthe unique equilibrium;
k=1

@M % > S, then (x',K ,x") isthe unique equilibrium;
k=1
iy 1f Y% <S<> %, thenthereisno equilibrium.
P} P}
Since > x. <> x,, exactly one of cases (i), (ii), (iii) occurs with any particular selection of
k=1 k=1

the threshold S.
For the fundamentds of partid cooperation and antitrust thresholds see for example,
Cyert and DeGroot [4], Chiarellaand Szidarovszky[2] and Matsumoto et al. [6].

6. Oligopolieswith Output Adjustment Costs
In addition to the classicd modd discussed in Section 2 we will now assume that the firms

have additiona cost due to output incresse: K, (Xx— x(t)) , where X is the planned output
at time period t+1. Function K, isassumed to be linear:

0 if x<x(t)
K, (x=X(t)) = . (17)
a, (X—X(t)) otherwise.
Inthiscase K, iscontinuous, no set-up cost is assumed that would result in ajump of the
function at zero.
Consider now the payoff function of firm k at time period t +1:

(A-Bs, — Bx)— (G +d) -] ¥ =X (19)

= -Bs, — - +d.)-

e = RAATESTERI TIAXT AT ) (x —x (1) otherwise.

The best response depends on both s, and x, (t) , and we have several cases. Notice that
or, 0 ifx <x.(t)
—*=A-Bs -2Bx, —¢C - 19
%, T {ak if x> (1), 49

and if x, = x,(t) , then the left and right hand side derivatives are different.
0 R(sox () =0,if
o
an X =0+
Thisisthe case when

<0
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A-Bs —-c <0.
Here x, = 0+ meanstheright hand side derivative at zero. That is,

Ty

break point

Figure 8. Graph of 7, with output adjustment cost

A-G

> )
5= B

(i) R(s:% (1) € (0, %), if

o 97

X, X=X (1) X, X =0+

which can be rewritten as
A_TCk—Zxk(t) <§ < A_Bck .

In this case the vertex in interval (0O, X, (t)) isthe profit maximizing output:

_A-G S
RSox ) =—g" -
(i) R(S6%(0) =x%(1) . if

% > 0 > % .
8Xk %= (t)— 8Xk X=X (t)+
This condition can be rewritten as
A-c -

_2x () <s < A;k ~2x ().
(v)  R(so % 1) e (% (1), L) ,if

(20)

(21)

(22)

(23)
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% > O>%
%, X=X (1)+0 % %=Ly
which can be written as
%—ZLK<S‘(<%—2&('{). (24)
In this case the vertex in interval (X, (t),L,) isthe best response:
A-C o S
X (1) = ——— =, 25
R (80 %) === =2 (25
V) R(sox @)=L, if
% > 01
an x.=L,—0
which can be rewritten as
5 < A-G -y 2L, . (26)

Figure 9 shows the graph of the best response function.
b Ry (5 X L£))

-

x () -
A —
A% oo \
A o,
1 ] ]

Ao -G 2L, A-c, A-c
B 5
Figure 9. Best response with output adjustment costs

v

k

— 2z ()

An output vector (x,K ,X ) isasteady state (or equilibrium) if and only if for al k,
or,

ox, (27)

X =% +0 0%
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where dl other coordinates are a equilibrium level. If x =0, then only the left hand side
of the relation is required, and in the case of X, = L, , only the right hand side has to be
satisfied. Simple agebra shows that these conditions can be rewritten as follows:

A-G-o 1 > *<A—ck_£ . o8
2B Zéx'_xk_ 2B ng:x )

with the additional constraint

0<x <L,.
There are usudly infinitely many equilibria and they form a polyhedron. Figure 10
illustrates the equilibrium set in a duopoly, where A=20,B=1L =L,=10 and

C=C=a,=a,=5.
.il.'}?

15

10
7.5

X

-
o

5 7510 15
Figure 10. Equilibrium set in a duopoly with output adjustment costs

In the case of discontinuous additiond costs, the stuation becomes much more
complicated. By assuming positive set-up costs,

0 if x<x(t)
K, (x=X(t)) = { . (29)
o, (X=X(t)) + B, otherwise.
Figure 11 shows the payoff function of firm k. There are many possbilities for
the location of the profit maximizing output. Figure 12 shows the grgph of the best
response functions.
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Figure 11. Shape of the profit function of firm k
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Figure 12. Best response with discontinuous output adjustment cost

Notice that there is the possbility of two best responses, so response sdection
becomes here a new issue. The equilibrium set dso becomes more complicated and
defined by nonlinear inequdities. A comprehensive literaure review and a summary of
the different possble cases in nonlinear oligopolies with output adjustment costs are
presented in Szidarovszky[9].

7. Conclusions
Extended oligopoly modes were introduced and examined in which the firms outputs
were assumed to be nonnegative and bounded in addition to thresholds for minimum and
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maximum output change, antitrust thresholds and output adjustment costs. We illustrated
how each of these additiond factors dter the best responses of the firms and the number
of equilibria. We can lose the existence, the uniqueness of the equilibrium, the best
response might become multiple even in the most smple cases of linear price and linear
cost functions. In each case we were able to derive the best response functions of the
firms and to characterize the set of equilibria Some initid amulaion studies (Matsumoto
@ d. [6], Dabkowski, [5]) show that the asymptotical behavior of the dynamic extensions of
these models may become very complex.
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