
Iranian Journal of Operations Research 

Vol. 13, No. 1, 2022, pp. 135-148 

 

 

Inverse Data Envelopment Analysis on the Base of Non-Convex Cost 

Efficiency 

 
F. Asadi1, S. Kordrostami2,*, A. Amirteimoori3, M. Bazrafshan4 

 

Cost efficiency in which cost coefficients are given for some inputs (cost coefficients can be 

different for disparate decision-making units (DMUs)) is one of the most important concepts in 

data envelopment analysis (DEA) to analyze the performance. Moreover, in some occasions, the 

cost performance and changes of input measures should be addressed while the convexity 

property is violated. Therefore, in this paper, first a DEA model is provided to assess cost 

efficiency based on the free disposal hull (FDH) model. Then, by considering cost and technical 

efficiencies achieved, a multi-objective problem called the inverse FDH cost model is presented 

to determine input values based on output changes while the cost and technical efficiency levels 

are preserved. The multi-objective problem is computed applying two approaches. Also, a dataset 

from the literature is presented to show the performance of the proposed method. For this 

purpose, we used the data of six banks in different countries. We added 2% to the outputs and 

analyzed the inputs with two models. In the first model, we used cost coefficients for weights, and 

in the second model, we used the same weights. Contrary to forecasts, some entries have 

decreased and others have increased. But from the results, we have noticed that the first model is 

more realistic because most of the solutions have increased in this model. 
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1. Introduction 

 

Data Envelopment Analysis (DEA) as a non-parametric technique includes various models for 

evaluating the relative efficiency of decision-making units (DMUs) concerning multiple inputs and 

multiple outputs. The first DEA paper was presented by Charnes et al. [9], and then, many 

researchers addressed the performance of systems based on various extended DEA models such as 

[1-3, 6-7, 22]. One of the most significant information obtained from DEA models is the cost 

efficiency of DMUs. In fact, one of the most major aspects of analysing the production of 

organizations is measuring costs and incomes [14]. 

The cost efficiency model attempts to find the lowest cost for inputs [4, 15, 16, 27, 29, 32]. Cost 

efficiency calculations contain cases where the prices of some inputs in each decision-making unit 

are precisely known and even cases where the price information in each decision-making unit is 

vague and imprecise [5, 8, 11, 18, 19, 23, 25, 26, 31]. These facts show that DEA models can 

provide a robust approximation of cost efficiency even when prices are unknown. Cost efficiency 

was first developed by Farrell [14] and then by Fare et al. [12, 13]. Where input price information is 
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available in each DMU, cost efficiency evaluation can be addressed based on Farrell's method, and 

in other conditions where the exact input prices in each unit are not known and only the upper and 

lower bounds of these prices are available, it can be used some existing related approaches to 

calculate efficiency scores. Studies on cost efficiency estimation with the unknown and imprecise 

prices were primarily provided by Thompson et al. [31] and Schaffnit et al. [26]. Furthermore, 

Khanjani Shiraz et al. [28] presented a rough cost efficiency under convex DEA and free disposal 

hull (FDH) technologies. Leleu [20] introduced a linear structure for FDH technologies and FDH 

cost functions. The FDH model is one of the most widely used models in DEA that the convexity 

principle is ignored. Pourmahmoud et al. [34] evaluated cost efficiency using the fuzzy DEA 

method. Also Pourmahmoud et al. [35] calculated the cost efficiency using prices dependent on 

time via approximate method. 

In addition to efficiency analysis, the estimation of changes in some outputs (inputs) for changes 

in some inputs (outputs) when the efficiency value is maintained is an important aspect for decision 

makers. Accordingly, in the DEA literature, one can find studies such as [21, 33] that pay attention 

to this issue. For further explanation, Wei et al. [32] originally developed an inverse DEA approach 

to consider inputs (outputs). Lertworasirikul et al. [21] presented the inverse BCC model to deal 

with the resource allocation problem while some outputs increase and others decrease. Asadi et al. 

[36] presented inverse free disposal hull models from optimistic and pessimistic aspects. Ghiyasi 

[15] provided inverse DEA models founded on cost and revenue efficiencies. Moreover, Soleimani-

Chamkhorami et al. [30] planned alternative inverse DEA models to investigate the changes of data 

while cost and revenue efficiencies are maintained. Some studies [37, 38] addressed the changes of 

performance measures in two-stage processes where price information is presented. However, there 

is no DEA study to estimate the changes of inputs for the modifications of outputs while input 

prices are available and the convexity property is not held. 

For this reason, in this research, after presenting the FDH cost model, an inverse FDH cost 

model is proposed to assess inputs for changes of outputs when the input prices are specified, and 

cost and technical efficiencies are kept. The proposed inverse FDH cost approach is a multi-

objective problem and two  plans is applied to address it. Moreover, a set of data from the literature 

is given to demonstrate the introduced procedure.  

The rest of this paper organized as follows. A review of the FDH model, cost efficiency, and 

inverse DEA is declared in Section 2. The main procedure to estimate inputs with known prices for 

the changes of outputs in accordance with the non-convex technology and the preservation of 

technical and cost efficiencies is described in Section 3. A set of data is given in Section 4 to clarify 

the rendered approach. Finally, conclusions and suggestions are presented in Section 5. 

2. Preliminaries 

 

In this section, some primary items connected to the next sections are examined. Specifically, 

the FDH model, cost efficiency, and inverse DEA are described. 

The terms applied in this research are outlined as follows: 

( 1,..., )jDMU j n : j th decision making unit, 

oDMU : The unit under consideration, 

ijx : i th input of jDMU , 

rjy : r th output of jDMU , 

iox : i th input of oDMU , 

roy : r th output of oDMU , 

j : The intensity variables, 
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1,...,i m : The subscript that shows inputs 

1,...,r s : The subscript that shows outputs 

 : Nonnegative variable, 

ioc : Prices related to i th input of oDMU , 

M : A positive large number, 

iox : The changes of inputs related to oDMU , 

roy : The changes of outputs related to oDMU , 

*

o :  The optimal value achieved that is considered as the efficiency level of oDMU . 

 

2.1.  FDH Model 

DEA includes five basic principles, envelopment, convexity, free disposability, constant returns to 

scale (CRS), minimum extrapolation. Without considering the convexity principle, the FDH model 

was rendered by Deprins et al. [10]. The FDH model under CRS is as follows:  

 

 
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

 (1) 

 

The value of the objective function in model (1) is less than or equal to one. If this value is equal to 

one, the unit o, oDMU , is called efficient and otherwise, it is inefficient. Of course, this problem is a 

non-linear programming one involving binary variables. To solve it, the following approach has been 

introduced by Podinovski [24]. 
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where j j 
. 

 

2.2. Cost efficiency 

In the presence of input prices,  the cost efficieny can be applied to estimate the performance. 

Farrell [14] proposed the subsequent approach to measure the cost efficiency. Model (5) measures 

the minimum cost. 

1
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 in which ( 1,..., )ix i m are the decision variables. Accordingly, the cost efficiency can be defined 

as follows: 

*

1
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m

io i
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m

io io

i

c x

c x
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


 (4) 

 

where 
*

ix  is the optimal solution obtained from model (3).  

2.3. Inverse DEA 
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In many situations, DMUs need to change, so changes are made to the inputs and then the 

amount of change in outputs is measured (or conversely, the amount of the output is changed, then 

the amount of input is estimated). In this case, new units are made based on their needs. For this 

purpose, first the efficiency in the initial model is calculated, then the inverse model is designed so 

that the efficiency value remains the same as the original one. Thus, the relative efficiency can be 

evaluated using the CCR (Charnes, Cooper and Rhodes) model as follows: 

1
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Suppose that 
*

o is the optimal value achieved from model (5). By following [21, 33], for changing 

outputs as much as roy , the changes of the inputs are calculated using the next inverse problem 

(6): 

1 2
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 (6) 

 

Also, some conditions can be added to problem to control iox . For example, if roy be 

nonnegative, we can add the nonnegativity condition for iox . To solve the multi-objective model 

(6), the weighted sum approach can be used.  

3. Main Model 

In this section, we have proposed a model based on FDH technology. In cost efficiency models, 

instead of going radially towards the efficient frontier, we use the direction related to the costs of 

each DMU. This model is based on constant returns to scale and binary variables. Therefore, a non-

linear programming includes binary variables is made that we have linearized, but it still includes 

binary variables. After that, the inverse model and the solution of the related inverse problem have 

been investigated. The inverse model is a multi-objective problem that has been solved using two 

different methods. In inverse models, the efficiency is preserved. The objective function of its basic 

model uses some data to consider costs for each input. Therefore, it reduces the inputs in the 

direction that the lowest cost occurs. In the inverse model, changes in the output are given and 
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based on those changes in the input are measured. In inverse models, a multi-objective problem 

arises which is solved by two approaches. In one of them, the weighted sum approach is used, and 

in the other, the same costs are used to unify the objective. 

3.1.  FDH Cost Efficiency  

 
To calculate the cost efficiency based on the FDH, model (7) can be utilized.  

 
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1
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is between zero to one for each unit under estimation. It is supposed that
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. But the 

model (7) is non-linear and includes binary variables. By following [24], the change of variable 

j j  is applied to transform the non-linear model (7) into the mixed integer linear problem (8). 

Therefore, we have: 
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where M  is a positive large enough number. 

 

3.2.  Inverse FDH Cost Efficiency 

 

Suppose that the values of technical efficiency 
*

o  and cost efficiency 
*

o  have been obtained using 

models (2) and (8), respectively. At this time, the purpose is to estimate inputs for the perturbations 

of outputs while the FDH efficiency and the FDH cost efficiency levels are preserved. The amount 

of change related to outputs is shown by roy . Also, iox indicates the amount of changes of 

inputs. As can be seen in model (9), it has been tried to include both efficiency values. Thus, we 

have: 
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As can be seen, model (9) is a multi-objective programming problem, accordingly, two methods for 

solving it are stated in the following. Also, notice that that the problem (9) is non-linear and 

includes binary variable that can be linearized with the before-mentioned technique. Therefore, we 

have: 
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In which M  is a large enough number. Therefore, the problem is no longer nonlinear, but still has 

binary variables and it is a mixed integer linear problem. 
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3.3.  Solving Multi-Objective Inverse FDH Cost Model 

To solve the multi-objective problem (10), two approaches can be considered. The first approach is 

to use the weighted sum method and place weights according to their importance. In this research, 

equal weights are considered for all DMUs. The second approach is to use the same cost weights to 

solve the problem. Note that the second approach is not a special case of the first approach, because 

the cost weights are different for each unit, but in the weighted sum method, the same weights are 

considered for all units. Therefore, the next two problems can be computed: 
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Where i are constant positive weights for all units. 
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4. Numerical Result  
 

In this section, we present a numerical example and analyze the results. 

 

4.1 Example 
 

In this section, the dataset of six banks from different countries is used to examine the 

introduced approach in this research. These details have been derived from [17, 30] and 

summarized from 1994 to 2006. The inputs and outputs are as follows. Inputs consist of fixed costs 

( 1x ), labor ( 2x ), and borrowed funds ( 3x ). Input prices ( ic ) are extracted from each bank as the 

depreciation relative to fixed assets, personnel expenses relative to full time equivalent and interest 

expenses relative to total borrowed funds. Outputs consist of the volume of customer deposits ( 1y ), 

the volume of customer credits ( 2y ) and the bank’s net fee and commission incomes ( 3y ). The data 

are given in Table 1. 
 

Table 1. The data set 

 
DMU1 DMU2 DMU3 DMU4 DMU5 DMU6 

Germany Spain US France Italy UK 

1x  1965591 1983462 2785838 2225689 1402750 3974915 

2x  23885 25844 74740 30651 19389 57392 

3x  84700000 14100000 31100000 39700000 17600000 32600000 

1y  94700000 48000000 151000000 94900000 33800000 153000000 

2y  138000000 56500000 142000000 89500000 50600000 162000000 

3y  1621068 918988.5 2902312 1349212 967738.4 2661434 

1c  28.52 12.56 161.59 18.14 15.88 26.44 

2c  87297.62 47728.55 55525.5 73338.93 61359.3 4721128 

3c  24.61 81.7 62.24 50.21 241.7 12434 

 
Now, the technical efficiency and cost efficiency based on the presented FDH model are calculated. 

The results are shown in Table 2. 
 

Table 2. Technical and Cost Efficiencies 

 
DMU1 DMU2 DMU3 DMU4 DMU5 DMU6 

Germany Spain US France Italy UK 

Tech. Eff. 1 0.8071 1 1 1 1 

Cost Eff. 1 0.7890 0.9774 0.8573 0.7626 1 

 
Because the number of data is minor compared to the number of inputs and outputs, most of the 

DMUs are technically efficient, and only DMU 2 that is Spain with the score 0.8071 is not efficient. 

However, since the cost efficiency is dependent on costs, most of the banks are not efficient. For 

more illustration, Germany and UK are determined as cost efficient. Also, Italy with the score 

0.7626 is the most cost inefficient bank.  
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In this part, an amount of two percent of outputs is added and input values are investigated. Two 

different perspectives are used to solve the multi-objective inverse cost FDH problem. The first 

viewpoint is to apply cost coefficients and the second view is to use the weighted sum method (we 

have considered the weights the same). The results of both aspects are given in Tables 3 and 4. 

Table 3 is related to the coefficients of the cost function and Table 4 is for constant coefficients. For 

more explanation in detail by considering cost coefficients, for the increase of outputs by two 

percent, three inputs, fixed costs, labor, and borrowed funds increase in Germany and UK as shown 

in Table 3. In Spain and US, labor decreases while the borrowed funds decrease in France and Italy.  

Furthermore, for equal coefficients and the expansion of outputs by two percent, inputs of the US 

and the UK that are fixed costs, labor, and borrowed funds increase. Fixed costs and borrowed 

funds decrease in two countries, France and Italy. In Spain, fixed costs decrease and labor and 

borrowed funds increase. Moreover, fixed costs, labor increase and borrowed funds reduce in 

Germany. 

 

Table 3. The difference between the new input and the previous one with cost coefficients 

 
DMU1 DMU2 DMU3 DMU4 DMU5 DMU6 

Germany Spain US France Italy UK 

1x  39549.81 1192539 1923358 5719634 5381090 13258969 

2x  477.6757 -66.4804 -9868.08 10990.5 14675.35 1132.34 

3x  1694061 445548.7 5910654 -16414172.84 -3626821 653714.2 

 

Table 4. The difference between the new input and the previous one with equal coefficients 

 
DMU1 DMU2 DMU3 DMU4 DMU5 DMU6 

Germany Spain US France Italy UK 

1x  1488168 -231564 55716.73 -434709 -390196 79498.24 

2x  25982.38 612.079 4268.075 27746.86 30170.76 1147.877 

3x  -56374222.68 268070.7 621999.7 -19706204.65 -6296245 651999.6 

 
It is clear that some numbers are negative because there is a constraint that new inputs must be non-

negative, not ix . In the similar way, the variations of inputs can be addressed for different 

changes of outputs while the FDH and FDH cost efficiencies are maintained. 

The comparison of the results of the FDH cost method with the cost efficiency scores presented in 

[30] shows that there is the difference between the efficiency level for Italy. Actually, for Italy, the 

cost efficiency is equal to 0.5949 in [30] while the value 0.7626 has been obtained in this research. 

Also, only Spain with the score 0.9998 is determined as inefficient, using the CCR model. Thus, the 

non-convexity assumption is effective on results. Moreover, comparing changes achieved from 

convex and non-convex methods is not rational in Spain and Italy due to the disparities of technical 

and cost efficiencies. 

 

4.2 Sensitivity analyses 

 

Because we increase the amount of outputs in this model, we expect the amount of inputs to 

increase as well, but this does not happen in the numerical results and some inputs have decreased. 

In the first model, that is, the model that we have used cost coefficients, is more appropriate because 

the number of inputs that have been reduced in it is less than the second model. Of course, in the 
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second model, weights can be chosen based on the decision maker opinion. We have used equal 

weights for the objective functions. As can be found, the proposed approach in this study is 

applicable to analyze the cost efficiency of DMUs and the changes of inputs while the convexity 

assumption is not held.   

For future work, we suggest using variable returns to scale. It seems that it must have very different 

solutions than the proposed model, because the data are so different. It is also necessary to mention 

that in variable returns to scale in FDH models, the space is very small and most of the DMUs are 

efficient. 

 

 

5. Conclusion  

In many real-world studies, investigating the changes of performance measures is a significant 

aspect for managers while input prices are certain and the convexity property is violated. Therefore, 

in this paper, a method for calculating the cost efficiency based on the FDH model was first 

presented, and then an inverse FDH cost model was rendered for addressing the changes of 

performance measures. The presented inverse FDH cost model is a multi-objective programming 

problem that has been solved using two different approaches. Also, an example from the real world 

has been utilized to show the performance of the introduced method. In the proposed procedure, all 

measures were considered to be precise.  

The extension of the suggested technique for situations that uncertain inputs and outputs are 

presented is an interesting topic for more investigation. Also, the development of the inverse FDH 

cost model to estimate performance measures of multi-stage processes is a prevailing topic for 

future research. 
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