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A Vehicle Location-Routing Model for Waste
Management Problem under Fuzzy Flexible Conditions

Fateme Ghaffarifar” !, Seyed Hadi Nasseri 2, Reza Tavakkoli-Moghaddam *

One of the most important and widely used problems in the logistics part of any supply chain is the Location-
Routing Problem (LRP) of vehicles. The purpose is to select distribution centers to supply goods for customers
and create suitable travel routes for vehicles to serve customers. Studies conducted in the field of supply chain
logistics systems have shown that if vehicle travel routing is neglected when locating supply centers, the costs of the
logistics system may increase dramatically. Therefore, in the LRP problem, the location of supply centers and the
routing of vehicles are considered simultaneously. In this paper, we will present a multi-objective model for
vehicle location-routing problems with a flexible fuzzy approach. Its' goals are to make strategic decisions
to deploy candidate supply centers at the beginning of the planning horizon, as well as form the vehicle
travel at the tactical level to serve the customers in short-term periods of time. Therefore, in order to adapt
the mathematical model to the real conditions, the constraints related to the capacity of the vehicles have
been considered in a flexible fuzzy state, and also the problem has been modeled in a multi-period state
along with the presence of the distance limit and the accessibility factor for each vehicle. The evaluation
criterion is to minimize costs related to the establishment of candidate supply centers, the fixed cost of using
vehicles and transportation costs, as well as maximizing customer satisfaction by reducing shortage costs
and reducing harmful environmental effects. To solve the model, it is first converted into a single-objective
model using the weight method and then solved using the proposed algorithm. Finally, using a numerical
example in the field of waste management, the effectiveness of the proposed solution method is shown. It
should be mentioned that the model was solved using GAMS software and the results are shown.
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1. Introduction

Competition between companies and factories for the supply of goods and services is one of
the undeniable facts, especially in the last three decades. Today, companies seek to create
integration and coordination between their production activities from raw material procurement to
delivery of goods to the final consumer. Supply chain management is an integrative approach to
planning and controlling materials and information. Supply chain refers to activities related to raw
material suppliers, product manufacturers and consumers, and its components include suppliers,
manufacturers, wholesalers, distributors and customers (consumers). On the other hand, activities
related to distribution warehouses and means of transportation are related to the field of logistics
of each supply chain. One of the most important and widely used issues in the logistics sector is

! Department of Applied Mathematics, University of Mazandaran, Babolsar, Iran

E-mail: fateme 7189@yahoo.com

*Corresponding author

2 Department of Applied Mathematics, University of Mazandaran, Babolsar, Iran

E-mail: nhadiS7@gmail.com

3 School of Industrial Engineering, College of Engineering, University of Tehran, Tehran, Iran

E-mail: tavakoli@ut.ac.ir



http://iors.ir/journal/article-1-804-en.html

[ Downloaded from iors.ir on 2026-01-30 ]

A Vehicle Location-Routing Model for Waste Management Problem 81
under Fuzzy Flexible Conditions

the selection of distribution centers for the supply of goods to customers, as well as the creation of
suitable routes for vehicles to serve customers. The location-routing problem (LRP) with the aim
of locating facilities and routing vehicles is one of the most widely used problems in the logistics
sector, which is related to three levels of the supply chain, namely wholesalers, distributors and
customers. Since the costs related to the selection of appropriate supply centers and their
establishment are more significant than the costs related to vehicle travel routing, for this reason,
the use of the location- vehicle routing, Is taken into consideration. Some researchers were against
the idea of considering these two issues simultaneously and in the form of a model. From their
point of view, the location of facilities is a strategic decision, which means that related decisions
are made for a long time, while the routing of vehicle travel is a tactical issue. In fact, it is a
decision that can be taken alternately in different periods of time. Despite this, the simultaneous
examination of these two issues in a long-term time horizon can significantly reduce costs and
improve productivity.

In general, the vehicle Location-Routing Problem (LRP) has the following conditions: There
are certain candidate places for establishing supply centers (depots). A number of customers are
located in certain places and are ready to receive services from supply centers. There is a fleet of
vehicles that serve the customers and start their journey from the supply centers and return to the
same supply centers after serving the customers. According to the capacity of each depot, several
vehicles can be considered for it, and each vehicle is only allowed to make one trip and can only
be assigned to one depot, and the higher the capacity of the vehicle, the more customers it can
serve. provide services Establishing candidate supply centers in designated locations and forming
vehicle trips to serve customers creates costs for the transportation system, which include: the
fixed cost of establishing supply centers (depots), the fixed cost of using vehicles, and
transportation costs. and quote And the main goal of LRP problems is to minimize these costs.
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Figure 1. General form of LRP problem
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Figure 1 shows a general view of the vehicle location-routing problem, where there are five
candidate locations for deployment, three candidate locations are opened and two other candidate
locations are closed according to customer demand. Also, eleven customers have been stationed in
certain places to receive the service and are ready to receive the service from the candidate places
by vehicles. As you can see, several vehicles can be assigned to each depot according to its
capacity, and each vehicle starts its travel from the depot and returns to the same depot after
serving customers, and each vehicle is only allowed one trip. The objective of the problem in
Figure 1 is to minimize the costs of setting up three depots, the fixed costs of using four vehicles,
and also the transportation costs.

In this paper, in addition to the assumptions of the location-routing problem, other conditions
are also taken into account, which we will describe below:

* The problem has several planning periods (the problem is in dynamic mode).

* The number of candidate locations and their locations and the number of customers are
known at the beginning of the planning period.

* Candidate places have limited capacity.

* Vehicles have limited capacity and the related constraints are fuzzy flexible mode.

* The number of vehicles in each period is different.

* Each vehicle is assigned an accessibility factor in each period.

* There is a distance limit for vehicles.

The research problem with the stated conditions is modeled as a multi-objective problem
whose objectives are as follows:

The first objective function related to the costs of establishing the candidate locations, the
fixed costs of using vehicles and the transportation costs that should be minimized. And also, the
second objective function is related to maximizing customer satisfaction, which is done by
minimizing shortage costs caused by not serving the demand of some customers. Also, we seek to
minimize the adverse environmental effects by maximizing the utility related to vehicle capacity in
the case of using fuzzy flexible constraints. In fact, in this paper, in addition to considering the
economic and social goals, we also consider the environmental goals, which are among the goals
of the sustainable supply chain.

2. Related work

The vehicle location-routing problem has many different types and modes, usually derived
from case studies on real-world problems. Changes in some parameters of the problem in terms of
being deterministic or non-deterministic, taking into account limitations such as the existence of
vehicles with different capacities, the type of objective function, etc., have caused changes in the
type of problem. Researchers have provided various formulations for different models of the LRP
problem. Table 1 shows a list of researchers and the type of problem they have modeled. In the
following, we briefly describe the presented models.

Melechovsky et al. [9] considered the LRP problem with nonlinear setup costs. In the model
presented by them, depots and vehicles have limited capacity and a non-linear cost is considered
for each depot based on the amount of demands that each depot covers for its connected
customers. The problem is formulated by mixed integer linear programming and two-phase
method along with variable neighborhood search (VNS) meta-heuristic algorithms are used to
solve it.
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Salhi and Negi [19] have considered the Planar LRP problem in multi-depot mode. The
condition of the problem is that P number of depots should be established in a continuous space
with unlimited capacity. There are fleets of vehicles of similar capacity that have similar
maximum travel times. In this article, the goal of the problem is to deploy P depot in a continuous
space and organize vehicle trips so that the costs of the distribution system are minimized. In their
research, Salhi and Negi presented an innovative method in two stages. These two phases are
repeated regularly until no significant improvement is found in the answers.

Tavakkli-Moghaddam et al. [21] studied the LRP problem by considering two objective
functions. In this issue, there are a set of candidate depots with specific capacity for deployment.
Each customer with specific demand is ready to receive service by vehicles at designated
locations, and there is a fleet of similar vehicles with limited capacity that also have travel time
restrictions. In this article, the first goal is to minimize the costs of setting up depots, using
vehicles, and the costs of vehicle travel, and the second goal is to maximize the total amount of
customer demand that has been answered. The mentioned problem is solved in the form of multi-
objective mixed linear programming formulation using an innovative method. And finally, the
proposed method has been solved on a number of problem examples.

Zarandi et al. [24] investigated the LRP problem with a fuzzy consideration of vehicle travel
time. In this problem, the travel time between two customers is considered in a fuzzy way, and the
problem is modeled in the form of fuzzy programming of chance constraints, and the refrigeration
simulation algorithm is used to solve it.

Marinakis [8] presented a new version of the particle swarm optimization (PSO) meta-
heuristic algorithm for solving vehicle location and routing problems and LRP problems with
stochastic demands. In this research, the vehicles are dissimilar and have limited capacity. Each
customer can only receive service by one vehicle. Every vehicle must end its journey from any
depot it started to the same depot. The goal of the problem is to find a suitable place for the
establishment of depots and the formation of vehicle trips so that the costs are minimized.

Fazayeli et al. [3] evaluated the location-routing problem in the transportation network with
demand and fuzzy time window. The location of the customers and the location of the depots, as
well as the location of the manufacturer, are known and determined. Each vehicle is assigned to
only one depot and has limited capacity. In this article, in addition to considering customer
demands in a fuzzy manner, the time window limit was also applied to maximize customer
satisfaction.

Pekel and Kara [17] studied the fuzzy LRP problem using variable neighborhood search
algorithm. In this article, customer demands are considered as fuzzy and the travel time between
the depot and the customer is definite. The transportation fleet is heterogeneous and the goal of the
problem is to minimize transportation costs, waiting costs, additional costs, vehicle costs, and
delay costs.

Almouhanna et al. [2] investigated the location-routing problems of electric vehicles. In this
problem, the vehicles have a limited travel distance. The goal of the problem is to find a suitable
place for the establishment of depots, to allocate customers to the depots, and also to organize the
journey of the vehicles so that the costs are minimized. In this article, the researchers first
proposed a multi-step innovative method to solve the problem and in the next step, they combined
this method with the variable neighborhood search method to solve the model.

Nucamendi et al. [16] evaluated the open routing-location problem in a multi-depot mode
with a heterogeneous fixed fleet and seek to reduce the fixed costs of using vehicles and the
variable costs related to the traveled distance. The problem is formulated as mixed integer
programming and a meta-heuristic method is used to solve the model.

Alamatsaz et al. [1] presented a multi-objective model for the green capacitated routing-
location problem with a time window and the existence of customer demand in the state of
uncertainty.
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The multi-table location-routing problem with fuzzy parameters in steady state was investigated
by Irfan Babaei et al. [23] for the management of medical waste during the outbreak of Covid-19. In
this paper, vehicles are dissimilar and can have multiple trips. The demand of customers is in the
form of a triangular phase number and must be provided by only one vehicle. There is a time
window for each customer. In this paper, the researchers presented a mixed integer programming
model whose purpose is to minimize the travel time of vehicles and time window violation, as well
as to minimize site risk, i.e. to minimize the number of people around waste disposal sites. The
problem is modeled using chance constraints.

3. Conditions of the capacitated location-routing problem with fuzzy
flexible constraints

The general condition of the capacitated location-routing problem with flexible fuzzy
constraints is that a time horizon with several planning periods is considered. Also, a number of
candidate locations with specific capacity are available for deployment, and a number of
customers are also deployed in specific locations with definite requests to receive service from
depots. There is also a fleet of unique vehicles to serve customers who are only allowed to make
one trip.

In each time period, the demand of customers is provided by only one vehicle, and the total
demand of customers who receive service by each vehicle should not exceed the capacity of the
vehicle. On the other hand, it is possible for depots to include several vehicle trips and the total
demand of customers assigned to each depot should not exceed the capacity of the depot.

It should be noted that each vehicle is assigned an accessibility coefficient in the range [0,1] in
each period. The existence of this coefficient means that due to some unforeseen problems such as
the unavailability of vehicles, vehicle breakdowns, etc., any vehicle may not be ready for service
all the time. For this reason, the presence of this coefficient for each vehicle indicates that the
higher the coefficient value (closer to one), the longer the vehicle will be available for servicing. In
the same way, the lower the value of this coefficient (closer to zero), the less time the vehicle will
be available. In this case, there is a possibility that some customers will not receive service from
the depot and the system will suffer from a lack of cost. In this article, considering the capacity of
vehicles in the state of uncertainty, it has been tried to present and solve a problem close to the real
world conditions. For this purpose, the flexible fuzzy approach has been used, which will be fully
described below. In fact, the objectives of the problem are to meet customer demand with
minimum costs, which include fixed costs of using vehicles, fixed costs of establishing depots, and
transportation costs, as well as maximizing customer satisfaction by minimizing shortage costs and
at the same time minimizing harmful environmental impacts.

In order to model the CLRP problem with fuzzy flexible constraints, suppose the constraints
related to the capacity of vehicles are fuzzy flexible, which is expressed as follows:

d¥dixp, S0, Vk eK,teT M

iV jel

where the membership function of the fuzzy answer set is defined as follows:

1, u<Q,
u—-Q,
#y (1) =q1=—, QSu<Q+r, (2)
k
0, uz2Q, +r1,


http://iors.ir/journal/article-1-804-en.html

[ Downloaded from iors.ir on 2026-01-30 ]

A Vehicle Location-Routing Model for Waste Management Problem 87
under Fuzzy Flexible Conditions

Where u = Zdex;k )
id jel
Considering that for constraint (1) the space of feasible solutions of the problem is not well
defined, a parametric approach is used to solve this model [13].

Lemma 1. The flexible constraint ZZd;x;.k <O, is equivalent to the arametric constraint
il jel

ZZd;x;k SO, +6r, where 0€[0,1].[13]
id jel
Acording to the definition of the membership function (2), which is a monotonic and
continuous function, a problem with constraints as ZZd;x;k SO, with a problem with
id jel

constraints As follows it will be equivalent to the membership function defined in (2)

d>dix;, <0, Vk eK .t €T 3)

i jel

By using the membership function defined in (2), in order to facilitate the solution of the
model with flexible fuzzy constraint, we convert it to the exact parametric mode. Since the data is
presented in the state of uncertainty, we interpret the information as flexible fuzzy with parameters

in the interval [Qk O, +1, ] Since it is impossible to solve the model with flexible fuzzy
constraint, we will use its exact parametric form which is given as

Z d;'X;kSQk-i-(l_ak)[k VkeK,tel (4)

i€V je]

where o, €[0,1]and the values of «, are specified by the decision maker.
In the relation (4), whenever the value of ¢, is closer to one, the value of the utility will

increase, and in a similar way, if their value is closer to zero, the utility will decrease. Applying the
flexible fuzzy approach in the limitation of vehicle capacity is because the use of vehicles has
costs for the system, and the use of methods to reduce these costs is of interest to decision makers.
On the other hand, we will look for an approach to reduce the amount of harmful environmental
effects caused by the use of vehicles.

Each vehicle has a certain capacity, which due to the uncertainty in the data in the real world,
sometimes the capacity of vehicles can be increased to a certain amount. In fact, a maximum
threshold can be considered for the capacity of the vehicle. This may reduce the number of
vehicles used according to customer demand. On the other hand, with the increase in the capacity
of vehicles, the amount of utility will decrease because imposing an additional load on the vehicle
in the long term will reduce the life or breakdown of the vehicle, which will reduce its
performance and further reduce access to the vehicle. will be. In addition, reducing the life of the
vehicle will result in harmful environmental effects, including the increase in vehicle depreciation,
which will increase environmental pollution. Also, the breakdown of the vehicle may reduce its
accessibility in different periods, and the demand of all customers may not be met and the shortage
cost will be created. Therefore, it is important to consider the situation in which, while reducing
the number of vehicles used, it improves the utility.

4. Mathematical modeling of the problem
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In order to introduce the mathematical model, first define the signs, parameters and variables
of the problem, and then the objective functions and their constraints are stated [11].

Definition of symbols:

J The collection of all customers in whichJ ={1,2,...,N} and N the number of customers

are shown with an index j €J .
I : The collection of all candidate depots in which [ ={1,2,....,M }and M the number of

candidate depots are shown with an index i €7 .
V. The set of all customers and candidate depots asV =/UJ shown in

V={,2,...M ,M +1,...M +N }.
K : The set of all vehicles where K ={1,2,..., K’} and K is the number of vehicles and is

indicated by the index k €K .
T :The set of all planning horizons where T ={1,2,..., T }and T is the number of courses and

with index ¢ €7 is denoted.
O : Is the set of all arcs (i, ) where i,j €V .

According to the definitions of indices, it can be seen that the data of the problem can be
considered on a weighted and undirected graph such as G =(V,0,C), where V' is the set of all

nodes including the subset / of M Candidate depot and subset J of N customers. Also, O is
the set of all arcs between existing nodes and C shows the cost of navigation between nodes and
is symmetric.

The parameters of the problem are defined as follows:

d j‘ : The amount of demand of the j th customer in the # th period.

p; :The capacity of the i th candidate depot.

O, :The capacity of vehicle & .

E . : The fixed cost of establishing a depot in the i -th candidate location.

H, :Fixed cost of using vehicle & .

Bj’. : Cost of deficiency caused by not serving the j th customer in the # th period.

C, : Transportation cost between two nodesi and j . (will be converted into distance unit)
A, :Accessibility coefficient of the & th vehicle in the ¢ th period where 4, €[0,1].

DT' :The maximum allowed travel distance of vehicles in the period ¢.

S, :The duration of service to the j th customer (it will be converted into a distance unit)

r, : Amount of violation of the capacity of vehicle & .

o, :The maximum degree of membership of fuzzy flexible constraints such that «, €[0,1].
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Definition of decision variables: The decision variables of the model are defined as follows:

: 1, it the kth vehicle move from node 1 to node j during tth period
ik — 0, ow
. L if cos tomer jrecieves service from depot i in tth period
Vi = 0, 0.W.
{1, if a depot is established in the ith condidate location
yA—
"o, 0.W.

rs ;k : Auxiliary variable to remove vehicle travel subtours.

And finally, the proposed model according to the conditions and data presented will be as
follows:

MinZ, =S EZ +3Y Y Y SHx, + YT T 3C,x, 5)

[ Downloaded from iors.ir on 2026-01-30 ]

iel iel jeJkeKteT ieV jeVkeK teT
MinZ, = 22(1 - ZZX;]( )B' (6)
Jjejtel ieVkeK
S dix <Qu+(1-ay )z, VkeK,teT (7)
1€V je ]
Ydiy; <Pz, VielteT ®)
JjeJ
ZZX;k <1 Vje J,tel 9)
ieVkeK
rslfk—rs;k—NX;k <N -1 Vile J.keKteT (10)
ZX;]( - X;,x» =0 VieV keKiteTl an
Jjev Jjev
ZZX;k <1 VkeK,teT (12)
iel jeJ
ZX;ZI](+ZX;U}S1+}/; Viel,je JkeK,teT 13)
ueV ueV
S 3(C, +S,)xp <A DT VkeK,eT (14)
ieV jev
x;, €{0,1} Viel,jeJkeKiteT (15)
v e{O,l} Viel,je JteT (16)
z, 6{0,1} Viel a7
rsjk > 0, Integer VieJ,keKteT (18)
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In the presented model, relation (5) shows the first objective function of the problem, which
includes the total fixed costs of establishing candidate locations, the total fixed costs of using
vehicles, and the cost of transportation, which must be minimized. The relation (6) is related to the
second objective function of the problem and states that if the demand of some customers is not
answered, the shortage cost will be created. It should be noted that the shortage cost is due to the
lack of service to some customers, which is caused by reasons such as lack of vehicle capacity,
lack of depot capacity, unavailability of all vehicles, distance Constraints, etc. In fact, the higher
the amount of these costs, the lower the customer satisfaction. For this reason, it is necessary to
seek to maximize customer satisfaction by minimizing these costs. Constraint (7), states that the
total demand of customers assigned to each vehicle should not exceed the capacity of the vehicle.
Also, restriction (8) is related to not exceeding the total demand of customers assigned to each
depot, from the capacity of that depot. Constraint (9), guarantees that if a customer receives a
service, that service will be provided by only one vehicle. Constraint (10), which is known as
subtours Constraint, eliminates possible tours or rings. The condition of vehicle travel continuity is
shown in constraint (11). Constraint (12) indicates that the available vehicle can not be used in a
period. The necessity of allocating each customer to a depot that has a route to that depot is shown
in constraint (13). Constraint (14) is related to the limitation of vehicle travel distance according to
their accessibility factor. Constraints (15) to (17) represent binary variables (zero and one).
Constraint (18) is related to integer and non-negative variables.

5. The solution Method

Considering that the research problem is a multi-objective linear programming problem that
has flexible fuzzy constraints, to solve the model it is necessary to pay attention to the two
definitions of multi-objectiveness and fuzzy flexibility of constraints. There are many methods to
solve multi-objective linear programming problems, one of the most practical methods is the
weighting method.

In this approach, the decision maker assigns a weight to each objective function based on his
criteria and the importance of each objective for him, and considers several objectives in the form
of one objective and as a weighted sum of objectives. In this case, the multi-objective linear
programming problem becomes a single-objective linear programming problem. The important
point in using the weighted approach is that the sum of the weights assigned to each objective
function must be equal to one. Also, the objective functions may not be the same, in which case it
is necessary to transform the objectives into the same form before they are added together.

On the other hand, the presence of flexible fuzzy constraints convert the problem into a
flexible fuzzy linear programming problem, and there are several solution methods to solve such
problems, all of which want to maximize the level of utility. Considering the combination of these
two problems and the solution of the presented model, a solution algorithm is proposed. Before
presenting the proposal solution algorithm, some definitions and concepts that are needed to solve
the problem are stated.

When there is an assumption of flexibility of constraints in the model, due to the model not
being well-defined, the solution space of the problem cannot be clearly defined, and the problem
in its initial form does not reflect the real nature of the decision-making system. Therefore, in
order to solve the problem, we will first convert it from a flexible fuzzy state to a deterministic
parametric state, and then, in order to reach the optimal solution, we will seek to maximize the
utility.
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Definition1. Let the relation < be a fuzzy representation of the inequality relation < in The

following problem. In this case, the vector x, € R is an a-efficient solution with the objective

function of minimization, if there is no x j’ € X, such that z (x ; ) >z ’(x ; ) .

n
Min z =chxj
j=1

si.

Zaijxj <b, +(-a;)p, i=12,-,m 19)
j=1

xj 20 j:1929"'9n

0<a, <1 i=12,---,m

It should be mentioned that every a-efficient solution for problem (19) is also an a-efficient
solution for it [12,13].

Theorem 1. Suppose o'=(a',a',,---,a',) and a"=(a",a",,--,a", )Wherea', <a"; for

m n

each i =1,2,---,m . In this case, every «a" feasible solution will be an «' feasible solution.

Theorem 2. Suppose «a=(o,,2,,...2,)<[0,1]" and xj* eX,_,,j=L2,---n and also
x; 20, j =1,---,n be an a-feasible solution of problem (19). Then the vector x; eR” is an o-

efficient solution of problem (19) with the objective function of minimization, if and only ifx; is

an optimal solution of problem (19).

Now we solve the problem (19) for different ¢, (according to the opinion of the decision

maker) and obtain an a-efficient solution for the mentioned problem. This effective answer has
two features.

1- The answer has a degree of desirability proportional to each limitation.
2- The answer is optimal.

This answer gives the possibility to the decision maker to reach an answer with a higher
degree of desirability according to the environmental conditions and by determining the desired
priority.

After solving problem (19), we assume that (x j*,al.*)is the optimal solution and zis the
optimal value of the objective function. In order to find the maximum utility, we consider the
objective function of the first problem as a constraint with a penalty p, in the second step and

solve the problem presented below using the optimal value of the objective function obtained from
the previous step [14 |:
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s,
z<z +(1-a,)p, (20)

Zaijxj <b, +(1-a,)p; i=12,....m
=

ijO j=1...,n
a; 6[0,1], ai* <o, <1 i=12,....m
a, €[0,1]

Obviously, the presented problem is a multi-parameter linear programming problem and by

solving it, the optimal solution (x j**,a,. ™) and the optimal value of the objective function z ™ it

will be obtained.

It is important to note that the optimal value of the objective function will not improve as the
solution area shrinks. For this reason, the decision-maker seeks to increase the optimal value of the

objective function to a maximum of (1—050) P, by observing the minimum acceptability of the

restrictions. It is obvious that the presented model is a linear programming problem, and by
solving it, we will get an optimal solution with a higher degree of desirability.

6. Main Steps algorithm

Consider the multi-objective linear programming problem with fuzzy flexible constraints
(MOLPFFC) as follows [11]:

MinZ,=3F,2,+ $X S SH o + T Y 5,

iel iel jeJkeKtel ieV jeV keKtel
MinZ,=220-2.2%)B) @1
jeltel id kek
St.
zzd}x;k SO Vk eK,teT
iV jel

Constraints (8) to (18).

Step 1: Obtain the multi-parametric multi-objective linear programming (MPMOLP) problem
equivalent to the multi-objective linear programming problem with fuzzy flexible constraints:
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MinZ =Y EZ +Y > Y YHxp+2 > 3 >Coxl,

iel iel jeJkeKtel id j& keKtel
MinZ,=>(1->">"x})B; (22)
jeJtel id kekK
st.
d¥dix;, <0, +(1-a,)r, Vk eK,t el
iel jeJ
Constraints (8) to (18).

Step 2: With the weight approach and the selection of appropriate weights (with expert
opinion), we will convert the multi-parameter multi-objective linear programming problem into a
Multi-Parameter Single-Objective Linear Programming (MPSOLP) problem.

MinZ, =4 (QEZ +3 3 > Y Hxj +2 3 3 3Cxp)

iel iel jeJkeKtel iV jeV keKtel

+4, (0D (=D > % )B)) (23)
jeJtel ieV kek

St.

ZZd] Xy <O +(1-a)r, Vk €Kt eT

Constraints (8) to (18).

where A, and A, are respectively the weight of the costs related to the establishment of depots

and transportation costs and the use of vehicles and the weight of the shortage cost so that:
A +4,=1.

Step 3: Solve the MPSOLP problem presented in the second step based on different ¢, to

obtain the optimal values of the variables and the optimal value of the objective function z; :

a, VkeK

X;.k*, Viel,je J.keK,teT
y;*, Viel,je J,teT

z’ Viel

Step 4: Using the optimal values of «, and z obtained from the third step, solve the AMPLP
problem with the aim of maximizing the utility.
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Max (o, + Zak)

kekK

st.

Z,<Z,+(1-a,)r,

d¥dixp, <0 +(1-a; ) Vk eK,t eT (24)
i jel

a, <a, <1 Vk eK

akf[O,l] Vk eK

a,e[0,1]

Constraints (8) to (18)

where the optimal values are:

a, VkeK

X;;, Viel je [, keK,teT
y;.“, Viel,je J,teT

z” Viel

Note: As stated earlier, due to the lack of well-defined model in the case of flexible
constraints, the solution space of the problem cannot be clearly defined. Therefore, in order to
solve the model, we must first convert the problem from a flexible fuzzy state to a precise
parametric state and then use maximization of utility levels to reach the optimal solution. We
transform the multi-objective linear programming problem with flexible fuzzy constraints into a
parametric multi-objective linear programming problem.

In order to make it easier to do the work, we turned the multi-objective problem into a single-
objective problem. There are many methods for solving multi-objective problems, one of which is
the balanced sum method. In this method, a coefficient between zero and one will be assigned to
each function according to the indicators and priorities of the decision maker, and the sum of the
coefficients assigned to the target functions should be equal to one.

Considering that by solving the problem presented in the third step, the optimal solution aZ

and the optimal value of the objective function z, were obtained. Therefore, by using it and by

changing the objective function of the problem in order to maximize the level of usefulness, he
solved the following problem to obtain the following optimal solution with the objective function

value z, .

Theorem 3. If the multi-objective linear programming problem with fuzzy flexible
constraints (MOLPFFC) has an optimal solution, then the AMPLP problem is feasible.
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Proof. Given that ¢, €[0,1], every optimal solution of the multi-objective linear

programming problem with flexible fuzzy constraints (MOLPFFC) is a feasible solution of the
AMPLP problem. Especially for ¢, =1, the optimal solution of MOLPFFC is an obvious feasible

solution to the problem.
Theorem 4. The AMPLP problem is never infinite if it is feasible.
Proof. According to Theorem 3, because the problem of the AMPLP problem is feasible,
and the objective function of the problem is always bounded considering that ¢, €[0,1], so the

infinite state does not occur.

7. Numerical example

In this section, in order to explain the performance of the model and its solution method, we
present a numerical example on a small scale.

In this example, there are 2 candidate depots (waste disposal site) with different certain
capacities and certain costs, which are mentioned in Table 3. Eight customers are stationed at
defineded locations and are ready to receive service. Also, considering the dynamics of the
problem, the number of two planning periods has been considered. The demand of customers and
the cost of shortage caused by not providing service to each customer in each planning period are
also stated in Table 4. On the other hand, there are 3 different vehicles with different accessibility
coefficients that serve customers. Each vehicle has a cost of using it and also a maximum distance
that can be navigated, which is stated in Table 2. The cost of transportation, the information of
which is given in Table 5. Also, the duration of service by each vehicle to each customer is
presented in Table 4. Since the capacity of the vehicles is different due to their dissimilarity, and
on the other hand, due to the fuzzy flexibility of the related constraints, a maximum threshold of
capacity violation is also stated for each vehicle. It should be mentioned that the amount of
violation of each vehicle from the capacity defined for it by the decision maker is determined
according to the indicators he wants to increase the capacity of each vehicle. Since we want to
convert the problem from multi-objective mode to single-objective mode using the weighting
method, we consider the weight of the first objective function to be 0.55 and the weight of the
second objective function to be 0.45. It should be mentioned that the weighting of the objective
functions is according to the opinion of the decision maker and based on his desired indicators.

Table 2. Condition of available vehicles.

Fixed cost of access1.b111t.y Accessibility Max1mum MaXImum Maximum
. . coefficient in S distance in | distance in
Vehicle | Capacity use coefficient in the acceptable
the first . the first the second
(currency) . second period . . threshold
period period period
1 450 5 1 0.9 100 120 60
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2 300 8 0.8 0.2 100 120 50
3 700 6 0.7 1 100 120 140
Table 3. Conditions of existing candidate depots.
capacity in each fixed cost of establishment
Depot .
period (currency)
1 700 7
2 1000 10
Table 4. Customer conditions.
. . The duration of . .
Demand in the Demand in the .. Shortage cost in Shortage cost in
Customer . . receiving the . .
first period second period . the first period | the second period
service
1 250 200 4 25 15
2 100 200 5 20 30
3 300 100 5 60 40
4 100 150 8 40 30
5 200 200 4 40 25
6 150 150 1 30 50
7 150 400 4 30 40
8 300 100 4 60 60
Table 5. Transportation cost.
node 1 2 3 4 5 6 7 8 9 10
1 0 8 10 12 10 12 9 5 11 10
2 8 0 10 14 2 13 9 4 7 14
3 10 10 0 4 7 6 8 10 10 10
4 12 14 4 0 10 5 7 10 12 15
5 10 14 7 10 0 13 18 5 4 5
6 12 13 6 5 13 0 10 6 8 9
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7 9 9 8 7 18 10 9 5 4
8 5 4 10 10 5 6 0 10 11
9 11 7 10 12 4 8 10 0 5
10 10 14 10 15 5 9 11 5 0

According to the data of the problem and using the solution algorithm presented in the
previous section, the value of the objective function was obtained for different degrees of
desirability and reported in Table 6.

Table 6. Values of the objective function for different values of «, .

a B c d e G

a (0.8,0.8,0.8) (0.2,0.5,0.8) (0.5,0.5,0.5) (0.5,0.5,0.2) (0.8,0.5,0.2) (0.2,0.2,0)
Z3 115.35 115.35 114.45 112.80 112.80 98.30
0.7 0.8 0.2 0.5 0.5 0.8 0.2
0.3 0.8 0.5 0.5 0.5 0.5 0.2
0.7 0.8 0.8 0.5 0.2 0.2 0

120

115 11585 115.35 il

ThPeg: R 8

110

105

100

93.3

95

90

85

a b c d e f

Figure 2. Values of the objective function for different values of «, .
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Using the optimal utility o and the optimal value of the objective function z, obtained from
the previous step and considering the maximum acceptable threshold for the limitation of the
objective function to the valuer, =14, the direction To maximize the utility of vehicles, we solve

the problem stated in the fourth step of the proposed solution algorithm and get the following
optimal solution:

a’ = (0.8,0.8,0.5)

z, =114.45

After solving the problem and reaching the optimal value of the objective function, as can be
seen in Figure 3, due to the existence of two planning periods for vehicle travel, in the first period
both depots were established to serve customers and customers number 6 , 7 and 8 are assigned to
the first depot and customers number 5, 9 and 10 are assigned to the second depot. The work of
serving customers from the first depot was done by vehicle number 1 and also vehicle 2 serves the
customers of the second depot. It should be noted that customers 3 and 4 do not receive service
during this period, and in fact, the cost of shortage is created.

10

A ;

Vehicle route 44— Closed depots N Opened depots r Customers £

Figure 3. Vehicle travel planning in the first period.

As shown in Figure 4, in the second period, vehicle number 1 and 2 are assigned to depot
number 2, vehicle number 1 serves the 9th customer and vehicle number 2 serves customers 5 and
8. Also, customers 4, 6, 7 and 10 also receive service from depot number 2 by vehicle number 1.
During this period, the third customer did not receive any service and the cost of shortage is
imposed on the system.
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Vehicle route 4— Closed depots ? Opened depots ] Customers /

Figure 4. Vehicle travel planning in the second period.

According to the optimal value obtained, it can be seen that its value after solving the problem
in the second stage is the same as before and actually remains constant. But the satisfaction of
customers has increased. In fact, it means that the utility for the first and second vehicle has
increased and remained constant for the third vehicle. Therefore, we were able to increase the
utility of vehicle capacity so that the value of the objective function of the problem does not
deteriorate. As stated in the previous sections, the utility of vehicle capacity will increase when the
amount of additional load imposed on vehicles is reduced. In fact, the lower the violation of the
defined capacity for vehicles, the higher the utility. In this case, it is possible that due to the use of
more vehicles, the amount of costs will increase and finally the value of the objective function will
increase. But as can be seen, according to the presented model and proposed solution method, we
were able to keep the value of the objective function constant while increasing the utility.
Therefore, according to the obtained results, it seems justified to use the proposed model and its
solution approach

8. Conclusion

Considering the importance of location-routing problem in the field of logistics systems of
each supply chain, in this research, a multi-objective mathematical model for the location-routing
problem of vehicles in dynamic mode, assuming the stability of the supply chain and the existence
of restrictions related to the capacity of vehicles as The flexible phase, which was not considered
in the literature of the location-routing problem, was investigated. The assumptions of the
presented model are: the existence of capacity limits for depots and vehicles, the multi-period
nature of the problem, the limitation of travel distance and the existence of accessibility
coefficients for vehicles in each time period, as well as the constraints related to the capacity of
vehicles, are flexible fuzzy. The problem consists of two objective functions. Considering the
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importance of economic goals in the sustainable supply chain, in order to minimize the costs that
are related to the first objective function, the costs related to the establishment of depots, the fixed
cost of using vehicles and transportation costs have been examined and in order to increase the
satisfaction of customers who It is related to the function of the second goal and is considered
among the social goals in the sustainable supply chain, the cost of shortages caused by not
providing services to some customers should be minimized. On the other hand, due to the fuzzy
flexibility of vehicle capacity constraints in the problem in a two-stage approach to solve the
model, we seek to maximize the value of utility, which is also considered as an environmental goal
in every supply chain. Because as much as the value of the utility increases, the amount of
violation of the defined capacity for each vehicle decreases and finally the adverse environmental
effects caused by the additional load imposed on the vehicles, which may result in vehicle
breakdown, increase in fuel consumption, increase Depreciation etc. will be reduced. In order to
solve the problem, according to the multi-objective nature of the proposed model, first the model
is converted into a single-objective model using the weight method, and then, using the presented
certain solution algorithm, the model is solved in the presence of flexible fuzzy constraints.
Finally, a numerical example is given to show the performance of the proposed solution method,
which according to the results of the solution shown in the available tables and graphs, the value of
the objective function of the problem in the case where flexible fuzzy constraints are used, with
increasing the degree of desirability, It will not get worse. This issue justifies the use of this
approach. In fact, the results show that the presented model is valuable among the existing models
in the field of vehicle location-routing, considering the conditions and assumptions closer to the
real world, and it is also more efficient than some existing models.

9. Suggestions and future works

In the future, research can be done in line with this research, which consists of:
1. Constraints related to the capacity of supply centers should be fuzzy flexible.
2. Customer demands should be considered in the form of delivery and then picked up.
3. Considering the duration of customer service in the form of fuzzy numbers.
4. Having a time window to serve each customer.
5. Considering the accessibility factor of each vehicle in the form of fuzzy numbers.
6. Using gray or fuzzy-interval data in cases where the parameters were uncertain.

7. Making it possible to communicate and exchange goods between supply centers to meet the
maximum demand of customers.

8. Considering the possibility of not returning the vehicle to the depots.

9. Adding goals such as maximum coverage of customer demand and reducing the extra distance
traveled due to failure on the route in case of uncertainty of customer demand or vehicle capacity.

10. Location of supply centers in a continuous space. In fact, it means that there are infinite
candidate supply centers.

11. Considering the mode of multiple products to send to customers.
12. Using heuristic and meta-heuristic algorithms to solve the model in larger dimensions.
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