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A New Approach for Solving Fuzzy Linear Programming
Problems Using a K-Scale Ordering Method

M. Gholizadeh !, B. Khabiri 2, G. Shakouri® "

Abstract: In this paper, we deal with a fully fuzzy linear programming (FFLP) when the constraints
are described as equality and inequality. With respect to Hadi method which is a new and a
comfortable ranking method for ordering the trapezoidal fuzzy numbers, we introduce a new
ranking function. We show that this function has some smooth properties when we use it for new
classes of the trapezoidal fuzzy numbers which we called them k-scale trapezoidal fuzzy numbers.
The k- scale trapezoidal fuzzy numbers are in fact a generalization of symmetric trapezoidal fiizzy
numbers. Based on this ranking function, a new method is proposed to find the fizzy solution for
solving k-scale FFLP. Numerical examples are providing to illustrate the method.
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1. Introduction

In many real-world optimization and decision-making problems, uncertainty and imprecision are
unavoidable. Parameters such as costs, processing times, and resource availability are often not
known exactly and may vary due to incomplete information or subjective estimation. Classical linear
programming assumes deterministic data; however, this assumption is often unrealistic in practical
applications. To overcome this limitation, fuzzy set theory introduced by Zadeh provides a
mathematical framework for modeling vagueness and uncertainty in complex systems.

Fuzzy Linear Programming (FLP) extends classical linear programming by allowing some or all
parameters to be represented as fuzzy numbers. This extension enables more flexible and realistic
modeling of decision-making problems under uncertainty. FLLP has been widely applied in various
fields such as project management, production planning, supply chain optimization, and engineering
design, where precise data is not always available.

One of the main challenges in solving fuzzy linear programming problems is the ranking and
comparison of fuzzy numbers. Since fuzzy numbers do not have a natural total ordering, different
ranking methods have been developed, including score functions, distance-based approaches, and
lexicographic ordering techniques. The choice of ranking method significantly affects the final
solution, as it determines how fuzzy alternatives are compared and prioritized.

In recent years, improved ranking techniques have been proposed to enhance consistency and
discrimination among fuzzy numbers. Among these approaches, ordering-based methods aim to
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transform fuzzy quantities into comparable structures that preserve more information about
uncertainty. However, existing methods may still suffer from limitations such as loss of information
or sensitivity to parameter scaling, motivating the development of more robust approaches.

In this context, advanced ordering techniques such as the k-scale ordering method have been
proposed to improve the ranking process in fuzzy optimization problems. These methods aim to
provide more reliable comparisons between fuzzy numbers and enhance the solution quality of fuzzy
linear programming models. As a result, they contribute to more accurate and stable decision-making
in environments characterized by uncertainty.

In this paper, we consider the following fuzzy linear programming

Maximize/Minimize 2?:1 ¢; ®X;

Subject to @1

n
Zdl]®fj R F bi; Vi= 1, 2, ., m,
j=1

where ¥; is a non-negative trapezoidal fuzzy number, for each j = 1, ..., n.

If the right-hand side, constraint coefficients, the objective function coefficients, and the
variables are represented by fuzzy numbers, then model (2.1) is known as Fully Fuzzy Linear
Programming (FFLP) problem. This problem has been considered by many researchers and different
methods are proposed for solving it; see e.g. [1, 2, 11] and the references therein. In this paper, we
introduce a new method for a class of FFLP problems. We convert this fuzzy model to a crisp linear
optimization problem using a proposed ranking function which is corresponding to Hadi ranking
method for trapezoidal fuzzy numbers [10]. Hadi method is developed in [10] for ranking trapezoidal
fuzzy numbers to overcome shortcomings which are found in ranking fuzzy numbers with some
convenient methods such as Asady, Chen method, Cheng distance and Chu-Tsao methods; for more
information see [10].

Ghoushchi et al [8] presented a fully fuzzy linear programming (FFLP) problem with triangular
fuzzy decision parameters and variables based on alpha-cut theory and modified triangular fuzzy
numbers.

Hasan and Al-kanani [6], for fully fuzzy linear programming (FFLP) problems, where all variables
and parameters are of the same type of decagonal fuzzy numbers, presents a new ranking function
technique and a new membership function of decagonal fuzzy numbers.

Hasankhani et.al [7] introduced the Z-complete linear programming (FZLP) problem with all
parameters, including the coefficients of variables in the objective functions, the coefficients of
variables in the constraints, the right-hand side of the constraints, as well as the decision variables, as
Z numbers and used the concept of Z numbers to solve the problem.

The present study, proposes a novel ranking framework for trapezoidal fuzzy numbers and applies
it to the solution of fully fuzzy linear programming (FFLP) problems. Specifically, a new ranking
function is developed as an extension of the Hadi ranking method, leading to the introduction of k-
scale trapezoidal fuzzy numbers (KSTFNs). This paper is organized into 6 sections. In the next
section, some preliminaries of fuzzy numbers and Hadi method reviewed. In Section 3, we introduce
a new ranking function and investigate some properties of it. In Section 4, a new method is proposed
and, in this sense, we will illustrate this method by a numerical example in Section 5. The conclusion
and some suggestions are given in Section 6.
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2. Preliminaries

In this section, we provide some preliminaries. The notations and results in this section are taken
from [10,11].

U

Definition 2.1. A fuzzy number @ = (aL, a’,a%,af ) is said to be a trapezoidal fuzzy number, if

at < aV and a%,af > 0 and

( x a%—at

, x € [a* —a% a"]

a% a%
a(x) = 1, x € [al, a] (2.2)
—x a¥+af
a_ﬁ+a—3' xE[aU,aU+aﬂ]

The set of all trapezoidal fuzzy numbers denote by F(R). A trapezoidal fuzzy number a =
(at,a?,a% aP) is said to be non-negative if and only if a* — a® > 0. Also, @ = (a*,a¥,a% a¥) is
said to be symmetric if a® = a¥.

Assume that @ = (at,a’,a% af) and b = (bt,bY, b% bF) are two trapezoidal fuzzy numbers,
then
i) a®b = (a* + b*,a¥ + bY,a” + b%,aP + bF),

(2.3)
i)a© b = (a—bY,a’ — b*,a® + bF,af + b%), (2.4)
i) a®b = (ct,cY, c%, ch), (2.5)

where
ct = min{albt,at bY,aVbt,aVb"},

cV = max{atbt,ar bY,aVbt,a"b"},

¢® = ct — min{(at — a®) (bt — b*), (a* — a®)(bY + bP),(aV + aP)(b% — b%),(aV + aP)(bY
+ bA)},

c® = max{(a* — a®)(b* — b%), (a’ — a“)(b” + bﬁ), (aU + aﬁ)(bL —b*),(a¥ + aﬁ)(bU
+bP)}—cv.

Note that if a = (aL, al,a%, aB) and b = (bL,bU,b“,bB) are two non-negative trapezoidal
fuzzy numbers, then

a®b = (atbt,a’b?,albt — (a* — a®) (bt — bP),(aV + aP)(bY + bF) — a¥bY). (2.6)
Assume that @ = (al,a?,a% af) and b = (b%,bY, b%, bP) are two trapezoidal fuzzy numbers,
then
a~be al =bta" =bY,a% = b%af =bF (2.7)
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Now, we review some definitions and results which are established by Nasseri (2010). Let a =
(at,a?,a% aP), be an arbitrary trapezoidal fuzzy number. Define

1 1
a=am—ch, T=a"+zhg (2.8)

L, U a B
m _ al+a _a ___a
» and hﬂ "~ a%+aP 4 g%4qh’

Now assume that @ = (a*,a¥,a% af) and b = (b%,bY,b% bF) are two trapezoidal fuzzy
numbers. Let

[ =
NN

)
S

x
[
I o
~
N
\O
N

N
Il
[ISEESY
—~
.
—
=}
~

then, we have

Definition 2.2. Assume that @ = (a’,a’,a% a?) and b = (b%,bY, b% bF) are two trapezoidal
fuzzy numbers and R (5, d) = 0. Define the relations < and = on F(R) as given below:

i) @ ~ b ifand only if R(b,a) = R(,b),
ii)@ < b ifand only if R(b,@) > R(@, b).

We denote @ < b if and only if @ = b or @ < b. Therefore, @ < b if and only if B(E, c'i) =
E(d, 15). Also b > d ifand only if @ < b. We set 0 := (0,0,0,0) as zero trapezoidal fuzzy numbers.

Lemma 2.1. Assume d < b, then —d > —b.
Proof. The proof is straightforward by Definition 2.2.

Nasseri (2010) showed that = is an equivalence relation (reflexive, symmetric, and transitive)
and < is a partial order on F(R). Note that the relation < is a linear order on F(R) too, because any
two elements in F(R) are comparable by this relation.

3. Proposed ranking function and its properties

In this section, we are going to define a ranking function R: F(R) — R corresponding to Hadi
ranking, which maps each trapezoidal fuzzy number into the real line. Then, we also define k-scale
trapezoidal fuzzy number as a generalization of symmetric trapezoidal fuzzy number.

Definition 3.1. Assume that d = (aL,aU , a“,aﬁ) is an arbitrary trapezoidal fuzzy number.
Define:
R(E) = U 1/(af —a® 511
(@ =a"+a +Em- (2.11)

Note that for the symmetric trapezoidal fuzzy number, the above formula can be defined as
R(@) = al +aV.
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Theorem 3.1. Assume that @ = (af,a’,a% af) and b = (b, bV, b% bP) are two trapezoidal
fuzzy numbers and R (5, d) = 0.

i) @~ b ifand only if R(@) = R(b),

ii) @ < b if and only if R(@) < R(b).

Proof: i) Let d = b. Therefore, R (E, &) = E(d, 5). Thus,b —a =a — b. This implies that

b —Lh, —am 4 Sh, = am 4 Shg— b™ ——h,
2 = 2 ¢ 2 ¢ 2 b
S0,
bl+bpY 1 b« aL+aU+1 a% _aL+aU+1 abf bL+pUY 1 bP
2 2b% + bP 2 2a% +af 2 2a% + aP 2 2ba + bB

Now, we have,
1 bB b* 1 af a“
bt + bV + = - =at+a¥ += — :
* 2<ba+bﬁ ba+bﬁ> T \a v af  avtaf
Therefore, R(a) = .72(5). The converse part can be obtained same as the above relations.
ii) Let @ < b. Therefore E(B, (’1’) > ﬁ(d, B). This implies that @ — b < b—a.Thus,a+a < b+
b. So,

Lyl 4l af —a <bb+bU 4 bf —b*
) P 2\b* +bB )

Therefore, R(d) < R(E). The converse part is clear and we omit it here. W

a +§ha+a —Ehg<b +Eh5+b —Ehb.

Hence,

Similar to the results of Theorem 3.1, we have
@ < bifand only if R(a@) < R(b). (2.12)

However, the function R is not linear, i.e. R(a + b) is not necessarily equal to R(d@) + R(E).
For example, consider @ = (10,20,10,10) and b = (20,30,10,20). We have R(@ + b) = 80 +§
and R(a) + R(b) = 80 +§. Also, if @ = (at,aV,a%af) is a non-negative trapezoidal fuzzy
number and X = (xL,xU ,x%, xP ) is a non-negative trapezoidal fuzzy variable, then R(AQX) is a
fractional term. Therefore, if we use R for transform a fuzzy linear objective function to a crisp one,
the result might be complex to solve. In this paper, we deal to a special class of trapezoidal fuzzy
number to overcome this shortage.

U

Definition 3.2. A trapezoidal fuzzy number a = (aL,a ,a“,aﬁ) is said to be an k-scale

trapezoidal fuzzy number if a? = ka® where k € N. The class of k-scale trapezoidal fuzzy numbers
is denoted by Fi (R).

It is clear that F; (R) is the class of symmetric trapezoidal fuzzy numbers. F; (R) is considered
in many researches; see e.g. [Ganesan and Veeramani (2006), Ebrahimnejad (2011), Ebrahimnejad
and Verdegay (2016)] and the references therein. Therefore, our results covered a wider class of fuzzy
optimization problems.
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m
Theorem 3.2. If {di = (a{-‘, a’,a¥, aiﬁ)}i=1 C F,(R), then

iﬂ(ai) - R (lzml al-) + mT_l (z—:)

Proof: By definition of addition of two tra_pezoidal fuzzy numbers which is given in (2.3), we

have
m m m m m
R(zai):R(zag,zag,zag,zagf)
i=1 i=1 i=1 i=1 i=1
m m
1(3n,af —3n, af
=Zaf+za?+§<2;nl )
i1=n1 ernl Zl 1 L +Zl 14
1 a;
L l1
= a-+Za +—< )
; l = 2 Z:’llka +Zz 14
m m
=ZaiL+Za +%<(Z;1)§l 1% )
i=1 i=1 ( ) i=1 %
m m
=D at+ ) et +3(55)
= a; a; AV
=1 i=1
On the other hand,
m i m . m . m 1 alﬁ—af‘
ZR(aL):zai+Zal+zz .
i=1 i=1 i=1 i1\ ta;
=2af+zalu+2§(k+1)
i=1 i=1 i=1
- - mk—1
= L [ —
—Z‘”Z‘“ +2(k+1)
;;1 ;;1
_Z L"‘Z U+1(k—1) m—l(k—l)
A I BV 2 \k+1
=1 m =1
— 2 Z~ m—l(k—l)
B VS R Var
=
| ]

Note that for @, b € Fy(R), in generally @® b does not belong to Fj(R), even for k=1. To
overcome this limitation for k=1, Ganesan and Veeramani (2006) have proposed a new product
Ogyfor symmetric trapezoidal fuzzy numbers. In the following definition, we generalize their
definition for k-scale trapezoidal fuzzy numbers.

Definition 3.3. Assume that @ = (af, a’,a% a?) and b = (b*,bY, b%, bF) are two non-negative
trapezoidal fuzzy numbers, we define
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Ok = al +a¥ bL+bU a’p¥ — atb®\ (al + aY\ (bt + bV
AONkD = 2 "\ 2 2
UpU
(a - ) alb% + bUa® qUpP + bUaﬁ]

From this definition, if @, b € F(R), then @@yxb € Fi(R). It is clear that for 1 >0, 1d =
(1a*, 2aY, 2a%, 2aP).
4. Proposed method

Let] ={1,..,m},J = {1,...,n}. In our model, there are some equalities and inequalities, and
we will see, using proposed ranking function; we can convert it to a crisp linear programming. We
assume that ¢;, d;;, X;, and b; are non-negative k-scale trapezoidal fuzzy numbers. Consider the
following model which is named as Pyg model.

Maximize/Minimize Y7, ¢ OnkX;

Subject to (2.13)

dijQNKij R, = bi' Vi = 1, 2, e, m,

NGE

1 ~
>0, j=1,..,n

Rl 7?

. 5 — (L BY &= _— B B
Step 1: Assume that ¢; = (cj, c] ¢ e ), X = (xj ,xj X ) X; ), a;j = (au,au,au aij),

b; = (biL, bY,b&, blﬂ) .Therefore Problem (2.13) can be written as:

Maximize/Minimize Z (C] ,C]U’c ¢ )@NK (x xj ) X ,xjﬁ)
Jj€J

Subject to (2.14)

Z(al]’al]’alj 4 IJ)ONK (x] ,x] :x] ;xjﬁ) <; "~";> (blL,bLU,bla,blB) iel
je
J(x]],x],x],x ) (0,0,0,0) je]

Step 2. Assume that
(cj,c]U,c“ c )@NK (x x x , X5 ) (dJL,dJU,d]"‘,d‘-")
(aU,aZ,aU, )@NK (x x x X ) (e e e , €] )

With these notations using Definition 3.3, Problem (2.14) can be written as
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Maximize/Minimize Z(dL,dU d¥,d¢

j Y
j€J
Subject to (2.15)
Z(e e e e“) S (bL bY, bl‘x,blﬁ) iel
jej
(xbxl, 2 2f) = (0000)  je)

Step 3. Using proposed ranking function which is given in Definition 3.1, we solve the following
linear programming:

Maximize/Minimize R Z(d’“ a’,d® d‘-x)

R RAw
j€J

Subject to (2.16)

Z(], e/ efef) | <, == R(bkbY,bEBE) i€l

jeJ
L .
xi —x' =0 jE].

Step 4. Now, from Theorem 3.2, we convert (2.16) to the following model:

n
L. R L U Ja a_n_l(k_l)
Maximize/Minimize ZR(d] ,d] , d] ,d SRRV

Subject to (2.17)
n—1/k—-1
ZR(e e e e“)— (?> <,=52R (bL bU b{",blﬁ), i €1,
ij - x'=0 jE]J

Step 5. By solving the crisp programming problem (2.17), find the fuzzy optimal solution as:
* Lx U=x* * B*
x; = (xj XX X )
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Step 6. Find the fuzzy optimal value of objective function by putting the optimal values of

x _ (o Lx L Ux ax  B*Y ) B
X; —(xj VXXX )mZ]E](],c] ,c € )ONK(x x],x],x])

5. Illustrative example

In this section, we illustrate our method with an example. This example is a symmetric form of
the illustrated model (Pg; model), which is given by Ganesan and Veeramani (2006) to may compare
with our results.

Example 5.1. Consider the following problem:

max[13,15,2,2]Ong X1 + [12,14,3,3]Onk X, + [15,17,2,2]Ong X3
Subject to
12%,+13 %,+12%; < [475,505, 6,6],
14%,+0 %,+13%; < [460,480,8,8],
12x1+15 Xt0 X3 < [465,495,5,5],
$0,% »0,% =0

Step 1: Assume that X; = (x] ,x] ,x] )X ) then we have

max[13,15,2,2]Oyk (xf,x{’, xl,xf) +[12,14,3,310nk (xz,xg,xg,xg)
+ [15I17)2I2]®NK (x?e;xéj; x(3Z; xg)

Subject to

(12x},12 2,12 x§, 1204 )+(13x4,13 Y, 13 x§, 132§ )+(12x4, 12x¢, 12 x4, 1245 ) <
[475,505, 6,6],

(14x},14 20,14 2§, 1427 )+(13x4,13 9,13 x4, 1324 ) < [460,480,8,8),

(12xh,12 20,12 x¢, 126 (1524, 15 x¥, 15 2§, 15xF ) < [465,495,5,5],
xt—x§=>0,xf— x§=>0,x5—x§>0

Step 2: Obtain the fuzzy equivalent problem as:
<27xf xV oxk 29XV
max

2 2°2 2

2xY + 15x1,2x1 + 15x1>

25xk XY xk 27x% B
+ > T + > Y+ 14x%,3xY + 14x;
31xt XY xt 33«
+< 7 " 23,2xg+17xg,2x§’+17x§)

Subject to
(12x},12 2,12 2§, 1225 )(
[475,505, 6,6],
(14x},14 20,14 2§, 1427 )+(13x4,13 Y, 13 x4, 1324 ) < [460,480,8,8),
(122,12 2,12 x§, 122f ) (1524, 15 Y, 15 &, 1525 ) < [465,495,5,5),

xb—x$>0,x—x§>0,xk— x>0

13x%,13 x¥, 13 x§, 135 )+(12x4, 12x¥, 12 2, 124 ) <
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Step 3. We must compute the crisp equivalent problems as:

27xk XU xk 29xV
maxR(( 21 —71,71 + 21 2xV + 15x%,2xY + 15xf>

<25x§ xy xk 27xY

2 22 2
<31x§ x¥ xk 33xY

,3xY + 14xg,3xY + 14x§)

- ot 2+ 17,20l + 17x§)>

Subject to
L U a B L U a B
R ((12x1, 12 20,12 x§, 1227 ) + (1325, 13 x¥, 13 2§, 1325 ) +

(124, 124,12 28, 12x§)) < R(475,505,6,6),
R ((14x%, 14 2y, 14 x§, 145} ) + (13x5,13 1,13 24, 134 )) < R(460,480,8,8),
R ((12le, 12 20,12 §, 1227 ) + (1524, 15 1Y, 15 1§, 15x§)) < R(465,495,5,5),

xb— x¢>0,x— x$=>0,xk—x§>0

Step 4. In this example k = 1, therefore nT_l (E) = 0. So we compute

27xk XU xE 29xV
maxR( 21 —71,71 21 2xY + 15x%,2xY + 15xf>
25x% XY xb 27XV
32( 22 —7272 + 22 3%+ 14x%,3xY + 14x§)
31xt XY xt  33xY
32( 23 —7373 + 23 2%+ 17x%,2xY + 17x§)
Subject to

R (12xk,12 20,12 6§, 1225 ) + R (1325, 13 2,13 24,1325 ) +
R (12x5,12x¥,12 2§, 125 ) < R(475,505,6,6),
R (14xt, 14 x0, 14 x§, 1427 ) + R (13x4,13 2,13 8, 1324 ) < R(460,480,8,8).
R (12xk, 12 6,12 x§, 1227 ) + R (1524, 15 x4, 15 x§, 15x5 ) < R(465,495,5,5),

xb—x$>0,x—x§>0,x5— x>0

Therefore, thanks to definition
R(@@) = at +aV +1<M>
2\a*+af )
we must solve the following linear programming:

27xk XV xE 20xV 25xf XY xk o 27xY 31xk XY X} 33

2 2 2 * 2 * 2 2 2 2 * 2 2 2 2
Subject to

12xf + 12 xf + 13x% + 13 x¥ + 12x5 + 12x{ < 475+ 505,
14x} + 14 x¥ + 13x% + 13 x¥ < 460 + 480,
12xf + 12 xf + 15x% + 15 xY < 465 + 495,

max


https://iors.ir/journal/article-1-886-fa.html

[ Downloaded from iors.ir on 2026-06-17 ]

A new approach for solving fuzzy linear programming problems 169

xb—x¢>0,x— x§>0,xt—x¢>0

with some simplifications, we have
max 14xf + 14xY + 13x5 + 13xY + 16x% + 16xY
Subject to
12xF + 12 xf + 13x% + 13 x¥ + 12x% + 12xY < 980,
14xt + 14 xY + 13x4 + 13 x¥Y < 940,
12xF + 12 xf + 15x% + 15 x¥Y <960,
xb—x¢>20x— x§>0,xk—x¢>0

In the following table, the results of proposed method and Ganesan and Veeramani (2006) method
are compared.

%, %, s 7 R(Z)
Ganesan
and 5 <415 1045 174 174> (460 480 8 E) (94235 120265 19819 19819) 1260.2307
Veeramani 169’ 169 '169° 169 13’13 ’13°13 169 ' 169 ’ 169 ' 169 '
(2006)
Propose | & (8.639,0,0,0) (72.308,0,0,0) (1228.7615,40.4735,0,0) 1269.2350
d method o R . © ” ‘

Note that in Ganesan and Veeramani (2006) method we need to add some slack to our model to make
it a standard model and it might complex the problem while in proposed method we do not need to
do it.

6. Conclusion

In this paper, we focused on a convenient kind of fuzzy mathematical models where there are
some shortcomings on the essential tools such as arithmetic operations, fuzzy ordering and in
particular an efficient solving process. The main results in our work are listed as follows:

- Hadi method as a suitable tool for fuzzy ordering is extended for the generalized/symmetric
trapezoidal fuzzy numbers entitled k- scale trapezoidal fuzzy numbers.

- A new role for multiplication of two k- scale trapezoidal fuzzy numbers are established.

- Some new results in order to proposing a new ranking function are proved.

- To overcoming the limitation of the proposed solving method by Ganesan and Veeramani (2006),
in particular the shortcoming which is there in their proposed product for symmetric trapezoidal fuzzy
numbers, we extended the multiplication of fuzzy numbers to the general kind, in fact to the k- scale
type.

- Study of a more general model entitled Py fully fuzzy linear programming problem, where the
parameters are not essentially in symmetric type. In particular, the proposed method for solving the
Pyx model as a general kind of Py, model can solve both kinds of these problems with a simpler
method. The illustrative example verifies our claim.

Finally, we emphasize that this approach can be extended and use for the other convenient models
such as Transportation problem, Assignment problem and etc, in the future studies.
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